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Quantum Markov Semigroup (QMS)

T = (Tt)t>0, Ti:B(h) — B(h) linear, completely positive,

(semigroup) Tigs(z) = Te(Ts(x)), To(x) ==z
(unital) Ti(1) =1
(normal) xoTr = Ti(xa) T Ti(x)
(norm-continuous) lim;_g SUP||(<1 | T:(x) —z|| =0

(generator) L(z) = limy_ot™ 1 (Ti(z) — z)

Problem & Applications

Pr classify QMS with non-trivial decoherence-free subalgebras
A1l structure of invariant states

A2 characterisation of decoherence-free subsystems

A3 characterisation of decoherence-free subspaces



Decoherence-free subalgebra N (7)

Def. zc N(7) if and only if
Ti(x*z) = Te(2™)Te(z), Te(wx™) = Te(x)Te(2™) Vi >0

Properties
N(T) is Ti-invariant vVt > 0,
Ve N(T) and y € B(h),

Te(xy) = Te(2™)Te(y)  and  Te(y™z) = Te(y") Te(x),
N(T) is a von Neumann subalgebra of B(h).



Thm (GKSL)

L(x) =G24+ ?(z) + 2G, where &(x) = ZszLg
¢
1. G,LyeBth), G'+)> LjLy,+G=0,
¢

2. > LjLy strongly convergent,
¢
3. G=-2"1%Y",LjL,—iH with H self-adjoint

Characterisation
N(T) = {zeBh) | Ti(z) =eze ™ vi>0}
= {881,650 (Lp) | n>0,0> 1)

650 (L) = Ly, 831 (L) = [H, Ly), 657 (Lg) = [H, [H, Lyll, ...



Prop. Thecenter Z(N(T)) ={y e N(T) | [y,xz] =0Vx e N(T)}
iIs contained in the set of fixed points

F(T)={x e B(h) | Ti(x) =z Vt > 0}.

. F(7T) may not be an algebra

. F(T) may not contain or be contained in N(7T)
projections p € F(T) belong to N(T)

. F(T) CN(T) iff F(T) is an algebra

if 3p faithful, normal 7-invariant, F(7) is an algebra

.O'I-bpn)l\)n—*

Prop. Projections p € F(7) commute with L, and H. Thus
Te(zp) = Te(zp), Ti(pz) =pTe(z), Vt2>0, x € B(h).
(by 0= L(p) = L(p?) = pL(p) + L(P)p + Z¢|[Le:p)* --)



Prop. Thecenter Z(N(T)) ={y e N(T) | ly,z] =0Vax e N(T)}
is contained in the set of fixed points
F(T)={x € B(h) | T:(x) =2 Vt > 0}.

Structure of N(7) ~ structure of T

Assumption (atomicity)

- N(T) =®;pi N(T) p;

- p; minimal projections in Z(N (7)) s.t. >,;p; =1

- p; N(T) p; type I factor.



The case N(7) type I factor

Thm. N(7) type I factor = there exist Hilbert spaces k and m,
U :h—k®m unitary, a GKSL representation of £ by Ly, H s.t.

UN(T)U* = B(k) ® 1n

ULEU*:]lk(X)Mg UHU*:K®]m+]lk®MO

with
1. M, operators on m s.t. >3y M;M, is strongly convergent,

2. K self-adjoint operator on k and Mg self-adjoint on m.



The case N(7) type I factor

N(T) = 3 Hilbert spaces k and m, U : h — k® m unitary s.t.

UN(THU* = B(k) ® 1

If z is in N(T), then

with z, operator on k.

UL,U*, ULEU* commute with all operators z;, ® 1y, then

UL@U*:]Ik@Mg ULEU*Z]Ik(X)Mék



N(T) factor: decomposition

7 - B(k) @ B(m) = B(k) @ B(m), Ti(a®b) :=UT{(U*(a®b)U)U*

Ti(a ®b) = e qge ™ g TM(b) Va € Bk), be B(m),

~

Generator L

L(a®b) =i0r(a) @b+ a® LM(D)
where 6 (a) = [K,a] and

~
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Noiseless / purely dissipative decomposition

ﬁ(a R b) — eltK 4 o—itK ® ’Em(b)
noiseless purely dissipative

Noiseless and purely dissipative factors are “independent”

If N(T) = ®ipi N(T) p; with
p; minimal projections in Z(N (7)) such that Y, p; = 1.

Ti(xp;) = Te(x)p;  L(piz) = p;L(x)
the same factorisation for each reduced semigroup
ﬁ(z)(piwpi) = p;Ti(x)p;

holds and we find a noiseless / purely dissipative decomposition
for the whole 7.



ﬁ(a ® b) — eitKa e—itK ® ﬁm(b)
noiseless purely dissipative

Def. A Quantum Markov Semigroup 7 is irreducible if T:(p) > p,
p projection, = p=0 or p = 1.



Structure of normal invariant states

Suppose

1. there exists a faithful normal invariant state p
2. (for simplicity) N(T) = B(k) ® 1, is a factor

Prop. The QMS (purely dissipative) 7™ is irreducible.

Sketchy proof

1. = F(T) CN(T)
") >p = Te(k®@p) =LT(p) > [k®p
tr(p(Te (@ p)—-L, ®p)) =0 = T(x®p) =L pe F(T)
]lk®p€N(T) = 11 Q@p=qR@In = p=1n

Cor. 7™ has a unique faithful normal invariant state .



Structure of invariant states 2

7%(0, ® b) — eitKa e—itK ® 'Em(b)
Thm. Suppose that there exists a faithful normal invariant
state p. Any normal 7-invariant normal state n is
nN=0cQRXT

where 7 is the unique (faithful) 7™-invariant normal state and o
is a normal state on B(h) with density belonging to {K} .



Proof.

Step 1. Partial traces p,, pm Of p on each factor are invariant
states of the factor semigroups.

Step 2. e tKp e = p WVt >0 = K pure point spectrum

Step 3. F(T™) =N(T™)(= Cln) implies

t'i[go Tt (W) = trm(w) 7



Step 4. Kfj = Oz]f

J
n = Z|fj><fk|®77jk
7,k
n = Tuln) = i(a;—ay) m
£(n %e =R £ el @ TR (k)

Step 5. 7

B t
t 1/07::<s(77)d5

ei(aj_ak)t _

Q

1
Ik a7y, i(a; —ag)t i)l © T (njg) (8= 00) =0

+ ' 7
> el @ T k) — D> trm(mi) [ f3) (il @ 7

J.k aj=ay ko=
Js Oéj—Oék



N(T) not a factor

N(T) = &ipi N(T) p;
p; minimal projections in Z(N (7)) such that >, p;, = 1.

h=@,kom, L= (I[Ki ]19dga,)+1dgq,) @ L™)

Invariant states

> Ao ®T, A >0, ) N=1
i

()



Decoherence free subsystems

Intuitive idea: there is a certain decomposition

h=(h4gs ®hp) D hp

and the evolution of states supported on hys is unitary.

Decoherence free subspace when hp ~ C.

Def. hy supports a decoherence free (df) subsystem for some T
iff for all initial state p = pyr ® pp, its evolution is given by

Uy p U 4 0
7;15(/0):< tPdf t%ﬁt(pF)}())

where U; is a unitary operator on hy and 7 QMS on B(hy).




Decoherence free subsystems

N(T) = @ipiN(T) pi
p; minimal projections in Z(N (7)) such that >;p;, = 1.

h=@B,ki@m;, L= Z([Kz, | @ 1dp(m;) + g, ® £™)

UpgsUs @ T 0
h= (hat ® hp) @ b 7;t<p>=< 12aUf © *tww}o)

k; are all df subsystems



df subspaces

Def. A subspace hy of h is decoherence-free if there exists a
self-adjoint R on h with Rhy C hys s.t. for all normal state n with
support in hy we have

Tat(n) = e 'Hinelth, vt > 0.

Prop. Suppose that: N(7) is an atomic algebra, p faithful
normal 7T-invariant state, K; has pure point spectrum for all
i€, h~®,cr(ki®@m;). If hye C h is @ maximal df subspace with
Hamiltonian R having a discrete spectrum, then

hgt >~ @icg(ki @ m;) >~ Bicy ki
for J={iel | dm(m;) =1} and R = Dic g K;



df subspaces

Indeed, for a factor p, N (T)p;,

D a5 ) = K0 TG

Ti(7;) # e~ 1tSir.eltSi for some self-adjoint S; unless dim(m;) = 1



References

J. Agredo, F. Fagnola and R. Rebolledo, Decoherence free sub-
spaces of a quantum Markov semigroup, J. Math. Phys. 55
(2014) 112201 dx.doi.org/ 10.1063/1.4901009

B. Baumgartner and H. Narnhofer, The structure of state space
concerning quantum dynamical semigroups. Rev. Math. Phys.
24 (2012) 1250001.

J. Deschamps, F. Fagnola, E. Sasso and V. Umanita Structure of
Uniformly Continuous Quantum Markov Semigroups, 1412.3239

D. A. Lidar and K. B. Whaley, Decoherence-free Subspaces and
Subsystems, Lecture Notes in Physics, 622 (2003), 83—120.



R. Olkiewicz, Structure of the algebra of effective observables in
quantum mechanics, Ann. Phys. 286 (2000) 10—22.

F. Ticozzi and L. Viola, Quantum Markovian Subsystems: invari-
ance, attractivity, and control, IEEE Transaction on automatic
control, 53 (2008) 2048—2063.

Thank you!



