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FINITE QUANTUM GROUPS

o Let (A, A) be a finite quantum group i.e.

» A is a finite dimensional C*-algebra,
» (A ,A) is a Hopf x-algebra.

o Let h be the Haar measure of (A, A):
(h®id)A(a) = h(a)l = (id ® h)A(a), acA.

o Let H be the GNS-Hilbert space for (A, h), so that A C B(H).
o As H = A the map

A9Asa®br Ala)1eb)c A®A

can be transported to an operator W € B(H @ H).
o W is unitary and

WosWigWys = WioWis

onH®H®H.
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FINITE QUANTUM GROUPS

o We have
A= {(w®id)(W)|we B(H)"},

so W e B(H) ® A.
o For a € A the operator of multiplication by A(a) on

ARA=ZH®HIs

W(a®1)W*.

o It follows that (id ® A)(W) = Wi W;3.
o Define

A = {(id ® w)(W)|w € B(H)*}.
Then W € A® A.

o ThemapI': A* > p— (Id® ¢)(W) € Ais an isomorphism of
vector spaces.

o A* carries a Hopf x-algebra structure, and I' is a x-algebra
isomorphism.
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FINITE QUANTUM GROUPS

o Transportlng the comultiplication from A* to A (via T) w
obtain A: A - A® A and

(A ®id)(W) = W3 Was.

o Pictures:

i
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QUANTUM AUTOMORPHISMS OF QUANTUM GROUPS

o Let (A, A) be a finite quantum group, let B be a C*-algebra.
A x-homomorphism a: A — A ® B represents a quantum
family of invertible maps if

a(A)(1®B)=A®B. (Podles condition)
o Given a: A — A ® B define a linear map a: A= AR B by
a=(F®id)oaoF 1,
F:A3a— (idde h(-a)(W) € A

is the Fourier transform.

where
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QUANTUM AUTOMORPHISMS OF QUANTUM GROUPS

THEOREM

Let a: A — A ® B represent a quantum family of invertible maps.
Then the following are equivalent:

@ « preserves the convolution product on A, the convolution
adjoint and the Haar element;

@ @ represents a quantum family of invertible maps.
Moreover in this case & = a.

o Convolution: ax b = (h®id) (((S ®id)A(b))(a ® ]1)) :

o Convolution adjoint: a® = S(a)*.

o Haar element: there exists n € A such that for all a € A
an =na =¢e(am.
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QUANTUM AUTOMORPHISMS OF QUANTUM GROUPS

THEOREM

Let a: A — A ® B represent a quantum family of invertible maps.
Then the following are equivalent:

@ « preserves the convolution product on A, the convolution
adjoint and the Haar element;

@ @ represents a quantum _family of invertible maps.
Moreover in this case a = a.

DEFINITION

A qfim. a: A— A®B is a quantum family of automorphisms
of (A, A) when the conditions of the theorem are satisfied.
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QUANTUM AUTOMORPHISMS OF QUANTUM GROUPS

THEOREM

@ There exists a q.f.a. a: A — A ® S such that for any q.f.a.
B: A — A® B there exists a unique A: S — B such that

B = (id ® A)oa.

@ S carries a structure of the C*-algebra of functions on a
compact quantum group G and « is and action of G on A
(G is the quantum automorphism group of (A, A)).

@ The Haar measure h is invariant for a:
(h®id)a(a) = h(a)l, acA.

@ The quantum automorphism group of (A, ﬁ) is canonically
isomorphic to that of (A, A).
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QUANTUM AUTOMORPHISMS OF QUANTUM GROUPS

o Let G be the quantum automorphism group of (A, A) and let
a:A— A C(G)

be its action on A.
o G is of Kac type — this is related to invariance of h under a.
o The C*-algebra C(G) is generated by

{(weid)a(a)|a e A, we A}

o The Gelfand spectrum of C(G) (the classical points of G) is
naturally identified with the set of Hopf x-automorphisms of
the Hopf x-algebra (A, A).
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A COMMUTATIVITY RESULT

THEOREM
Let C be a C*-algebra and let

g:A—C®A and ’y:z&—h&@C
be x-homomorphisms such that
(id ® B)(W) = (v @1d)(W).
Then the algebra generated by
{([dew)B(a)lac A, weA*} cC

is commutative.
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PROOF:

Define V = (id ® 8)(W) € A®C®A (then also V = (v ®id)(W)).

In pictures:
ﬁ) ! - B

ACA A CA A CA

We have R

(A®id®1id)(V) = V134 Vasza
and

(d®id ® A)(V) = Via3Vi94.
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PROOF:

Indeed:
(A ®id®id)(V) =

k- P P oo

™

Similarly:

(id®id @ A)(
/ﬁ 8 @%@ \ \C@ % Vi23Vigs.
This gives us two ways of computing (A ® id ® A)(V).
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PROOF:

On one hand

(Agid® A)(V) = (id®id ® id @ A)( V134V234

= V134 V135 Vo34 V235-

And on the other

A®1d®A A®1d®1d®1d )(ViaaViga) =

BB R

= V134V234 V135 Vass.
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PROOF:

It follows that

V134 V135V234Vogs = V134 Vo34 V135 Vass

and, since V is unitary, we obtain

VissVazs = VazaVizs i /\ = R\
N

A

Apply (¢ ® ¥ ®id ® p ® v) to both sides:

S &

C
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PROOF:

From

(recalling that V = (id ® 3)(W)) we get

Which shows that

(id ® v)B(a)(id ® p)B(b) = (id ® u)B(b)(id ® v)3(a) for all a, b € A.
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( IS CLASSICAL

o Let a: A — A® C(G) be the action of the quantum
automorphism group of (A, A).
o Since G is of Kac type the map

~v=00(S®Sg)oaoS: A— C(G)®A

is a x-homomorphism.

THEOREM
We have
(id® ) (W) = (a®id)(W).

COROLLARY

The algebra C(G) is commutative. In particular, G is the classical
group of Hopf x-algebra automorphisms of (A, A).

i
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