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Abstract

Volterra originally conceived the notion of product integral as a
multiplicative analog of the Riemann or Lebesgue integral, that is as a
limit of discrete products rather than discrete sums. Such product
integrals provided useful descriptions of solutions of systems of
differential equations. But they were not originally defined as such
solutions.

Here we consider a triple generalization, quantum, stochastic, double
product integrals, of Volterra's concept. Thus the domain of
integration becomes a planar area such as a rectangle or triangle, the
calculus used becomes stochastic so that Ité terms may appear, and
finally the theory becomes noncommutative or quantum in character.
Following Volterra's philosophy we define them nonrigorously as limits
of discrete double products which are well-defined because of, and are
manipulated using, quantum commutation relations.

By combining some already known examples using Trotter product type
constructions, we express the general unitary-valued rectangular
quantum stochastic double product integral as the unitary implementor
of an explicitly determined Bogolubov transformation. Rigour is
achieved a posteriori.

Robin Hudson (Institute) Unitary quantum stochastic double product ir March 2015 2/27



@ Volterra originally conceived the notion of product integral! as a
multiplicative analog of the Riemann or Lebesgue integral, that is as a
limit of discrete products rather than discrete sums. Such product
integrals provided useful descriptions of solutions of systems of
differential equations. But they were not originally defined as such
solutions.

1V Volterra, Sui fondamenti delle equazioni differenziali lineari, Memorie della
Societa ltaliana della Scienze (3)VI (1887).
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multiplicative analog of the Riemann or Lebesgue integral, that is as a
limit of discrete products rather than discrete sums. Such product
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differential equations. But they were not originally defined as such
solutions.

@ Here we consider a triple generalization, quantum, stochastic, double
product integrals, of Volterra's concept.

@ double:The domain of integration becomes a planar area such as a
rectangle or triangle.
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Volterra originally conceived the notion of product integral as a

multiplicative analog of the Riemann or Lebesgue integral, that is as a

limit of discrete products rather than discrete sums. Such product

integrals provided useful descriptions of solutions of systems of

differential equations. But they were not originally defined as such

solutions.

@ Here we consider a triple generalization, quantum, stochastic, double
product integrals, of Volterra's concept.

@ double:The domain of integration becomes a planar area such as a

rectangle or triangle.

@ stochastic: The calculus becomes stochastic.

@ quantum: The variables become noncommutative (as in Volterra's
original applications to systems of linear differential equations). But
so too does the stochastic calculus.
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Volterra originally conceived the notion of product integral as a

multiplicative analog of the Riemann or Lebesgue integral, that is as a

limit of discrete products rather than discrete sums. Such product

integrals provided useful descriptions of solutions of systems of

differential equations. But they were not originally defined as such

solutions.

@ Here we consider a triple generalization, quantum, stochastic, double
product integrals, of Volterra's concept.

@ double:The domain of integration becomes a planar area such as a

rectangle or triangle.

@ stochastic: The calculus becomes stochastic.

@ quantum: The variables become noncommutative (as in Volterra's
original applications to systems of linear differential equations). But
so too does the stochastic calculus.

@ The constructions are mathematically intuitive. Rigor is achieved a
posteriori, by showing that gsde’s are satisfied.

1V Volterra, Sui fondamenti delle equazioni differenziali lineari, Memorie della
Societa ltaliana della Scienze (3)VI (1887).
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@ Following Volterra's philosophy we shall construct such product
integrals as limits of discrete rectangular and triangular double
products such as

H(j kyeN, <N, %)k oF TTi<jck<nXj k-
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@ Following Volterra's philosophy we shall construct such product
integrals as limits of discrete rectangular and triangular double
products such as
LI k) eNp, N, Xk o Thi<jck<nXjk-
@ An immediate difficulty arises when the elements x; , do not
commute; how to order these products? Everyone agrees that
[Ty <j<nx; means xixz...xy, but is
I eNy <N, Xk = Thi<jcm {Tli<k<nXj}? Tick<n {Tli<j<mXjk}?
McjckenXix = hi<jen {TcranXi}? Thcren {TTi<jcrXj ik }?
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@ Following Volterra's philosophy we shall construct such product
integrals as limits of discrete rectangular and triangular double
products such as
H(j kyeN, <N, %)k oF TTi<jck<nXj k-
@ An immediate difficulty arises when the elements x; , do not
commute; how to order these products? Everyone agrees that
[Ty <j<nx; means xixz...xy, but is
I eNy <N, Xk = Thi<jcm {Tli<k<nXj}? Tick<n {Tli<j<mXjk}?
MicjckenXik = Thicjen {Tjckanxje}? Thckan {Thi<jckXj i }?
@ All ambiguities are resolved if the x; , are weakly commuting, ie
[Xj k. Xjr k1] = 0 if both j # j' and k # k'. Then, for example,
Mi<jco {Tlick<oXjk} = X1,1X1,2X0,1X22 = X1,1X2,1X1,2X2,2
= Tli<k<o {Tlicj<oXjk}.
Iy <jca {Thck<aXj kb = X1,2X1,3X1,4%2,3X2,4%3,4

= x1,2X1,3%2,3X1,4%2,4x3.4 = Lick<a {Thi<jck Xk}
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@ We construct continuous rectangular and triangular products

[T @@+dn), H(1+dr

[a,b[x[c,d[ A

where A, = {(s,t) € R*:a<s <t<b}anddrcI?isa
second rank tensor over the It6 algebra

I=C <dA+, dA, dT> = C (dP,dQ,dT) . Here At and A are the
standard creation and annihilation processes of quantum stochastic
calculus with self-adjoint real and imaginary parts @ and P, the
position and momentum Brownian motions, satisfying

[P(s), Q(t)] =—2iT (sAt); (1)
where T is the time process; T (t) = tl.
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@ We construct continuous rectangular and triangular products

[T @@+dn), H(1+dr

[a,b[x[c,d] A

where A, = {(s,t) € R*:a<s <t<b}anddrcI?isa
second rank tensor over the It6 algebra

I=C <dA+, dA, dT> = C (dP,dQ,dT) . Here At and A are the
standard creation and annihilation processes of quantum stochastic
calculus with self-adjoint real and imaginary parts @ and P, the
position and momentum Brownian motions, satisfying

[P(s),Q(t)] =—2iT (sAt); (1)

where T is the time process; T (t) = tl.
o For example if dr = iA (dP ® dQ — dQ ® dP), A € R, let

(0j®di) r = iA((P(s) = P(s5-1)) @ (Q (t) — Q (te-1))
—(Q(5) = Q(5-1)) @ (P (tx) = P (ti-1))) .

where s; = a+ JE (b—a) tx = c+%(d—c).Then, by (1), the
{(6; ® %) r}(j,k)G]meINn are weakly commuting.
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@ So we can hope to define
- []‘[[ [ [(1 +dr) = lim TIj)en, N, (I + (6@ i) r) -
x,y)€E[a,b[x[c,d '
The approximations obtained by replacing infinitesimals by discrete
increments are well-defined.
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The approximations obtained by replacing infinitesimals by discrete
increments are well-defined.

o In the case dr = iA (dP ® dQ — dQ ® dP) we can construct the limit
explicitly by recognising dP ® dQ — dQ ® dP as an infinitesimal
angular momentum, and hence as the generator of an infinitesimal
rotation.
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@ So we can hope to define
[[  (@+d)= lim Tjgen,a, (I +(0©0) ).
(x,y)€la,b[x[c,d[ '

The approximations obtained by replacing infinitesimals by discrete
increments are well-defined.

@ In the case dr = iA (dP ® dQ — dQ ® dP) we can construct the limit
explicitly by recognising dP ® dQ — dQ ® dP as an infinitesimal
angular momentum, and hence as the generator of an infinitesimal

rotation.
o We write (§; ® &) r = iA % (piqi — qjp;) where
pi = ym/(b—a)(P(s)—P(s-1)) @1 g=--Q
P = \/n/(d=c)l@(P(t)—P(tic1)) . gh=---Q-

satisfy the standard canonical commutation relations

(i, k] = [P, ak] = —2i6; k. [pj, Pl = [Py, Pk] = [aj. Pi] = 0, etc.
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@ Using the further approximation, valid for large m, n

b— d—
I+ (5j®5;() r = l+i)\\/(a)(c) (quf( —quf()

mn
~ exp (i)t@m,n (PjCI;< - QJPZ))
where 6, , = 1/ {&=2ld=<)
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@ Using the further approximation, valid for large m, n

I+ (6@8)r = /+iA\/(1’_‘92n(,7‘j_C)

~  exp (iAm,n (pidk — aiP}))

b—a)(d—
where 0, , = (b=2)(d=c) 3,37(” <) ,

and using the standard realisation of the Brownian motions P and @
together with their normalized increments pj, g;, p, g, in the Fock

spaces FP = F (L2 ([a, b[)) and F¢ = F (L2 ([e, d[)) ,

(Pigk — aiPk)
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@ Using the further approximation, valid for large m, n

b—a)(d—
I+ (5j®5;<) r = l+i)\\/(a)(c) (quf( —quf()

mn
~  exp (iA0mn (P — 4iP}))

Where 9m n= w

@ and using the standard reallsatlon of the Brownian motions P and @
together with their normalized increments pj, g;, p, g, in the Fock
spaces F2 = F (L*([a, b[)) and FZ = F (L2 ([c.d])) .

@ and embedding the canonical orthonormal bases of C™ and C" into
L2 ([a, b]) and L2 ([c, d]) as the normalized indicator functions

n

A
Nl Xk =\ g —¢

X[tk,l,tk[’
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@ Using the further approximation, valid for large m, n

b—a)(d—
I+ (5j®5;<) r = l+i)\\/(a)(c) (quf( —quf()

mn
~  exp (iA0mn (P — 4iP}))
where 6, (bma)ld—c)

@ and usmg the standard reallsatlon of the Brownian motions P and @
together with their normalized increments pj, g;, p, g, in the Fock
spaces F2 = F (L*([a, b[)) and FZ = F (L2 ([c.d])) .

@ and embedding the canonical orthonormal bases of C” and C” into
L2 ([a, b]) and L2 (] as the normalized indicator functions

\& SJ 1SJ Xk “ tk 1tk

@ and making the canonical identification

F (L3 ([a, b)) @ F (L2 ([e, d])) = F (L* ([a, b)) ® L? ([c, d[))
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@ Using the further approximation, valid for large m, n

b—a)(d—
I+ (5j®5;<) r = l+i)\\/(a)(c) (quf( —quf()

mn
~  exp (iA0mn (P — 4iP}))
where 6, (bma)ld—c)

@ and usmg the standard reallsatlon of the Brownian motions P and @
together with their normalized increments pj, g;, p, g, in the Fock
spaces F2 = F (L*([a, b[)) and FZ = F (L2 ([c.d])) .

@ and embedding the canonical orthonormal bases of C” and C” into
L2 ([a, b]) and L2 (] as the normalized indicator functions

\& SJ 1SJ Xk “ tk 1tk

@ and making the canonical identification
F (L2 ([a b)) @ F (L2 ([, d])) = F (L* ([a, b)) & L* ([c. d[))
@ and using the rule I' (UV) =T (U) T (V) for second quantizations,
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we approximate the original double product as a discrete double product of
of second quantized planar rotations

H (1 + dr) ~ H(j'k)e]meNnr (R,(#:,{f)) =T <H(j’k)€meN"Rr(r{:r/;))
[a,b[X[c,d]

where R,g{,’,lﬁ) is the (m+ n) x (m+ n) rotation matrix
[ () (m+k) 7
1 o 0 . 0 e 0
U)o <o cos(ABmp) - —sin(ABpy) - 0
(MK .. sin(ABpn) -+ cos(AOmp) - 0
0 o 0 o 0 ce 1

k)

We regard R,(,{j,lf) and Ry p = H(j,k)e]me]N,, R,(,7jj,, as operators on
L2 ([a, b]) ® L2 ([c, d|) acting as the identity on the orthogonal

complement ((x1,0), (X2, 0) s+ (X 0) (0, X1) (0, Xh) s (0:X)) -
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We evaluate limy, p—00Rm,n in two stages as follows. Setting

& =0=0cos(AOmp), — B="1=sin(AbOmy),

we first consider only the limit as m — oo of

I () m+1 ] - m— m—1 7
1 -~ 0 --- 0 w By --- POy pomt
T I R B e
H = . : - : :
-1 O o ﬁ . . . . .
: m—1 m
o Lre e e
as an operator on L2 ([a, b[) ® C. Since 0, , = %'

o = (cos (AOmn))" = (1= A%05,,/2)" = (1 —A2(b_"’)<d_c)>m

— exp <—A2(b—a)(d—c)> | 2mn

m— oo n
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Using this limit we can find the limit of the whole matrix:

Ca By oy - TRy pom iy | gt
0 a Py - By /3(5’”’47 po"
0 0 a - B&"Oy By | pomE
0 O o - x By Bo
o 0 0 .- 0 ® B

Ly &y &y - "y My 57

(d—c)/n (d—c)/n
B I+H,, [/ f[avb[£ |
m—oo <g[a Bl ‘ exp <—)L2 ( *3%7 7C)>

<)/ is the integral operator on L2 ([a, b[) whose kernel is

(s, t) o ;@d Ko (5 8) e (@-)e=)/ 20

and the bra and ket (covector and vector) are given by

8[a,b] ' Ta,b

Robin Hudson (Institute) Unitary quantum stochastic double product ir March 2015
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Similarly, we can construct the limit operator on C&L? ([a, b[) of

[ ) n+1 ] - -
« . B . 0 " B oap . a"'B
S : ya" L[5 B ya" 2B
n . _ (xn—2 0 5 . anf?:
kr:I1 v 0 0 7_ . i . P
o . o0 . 1] L v 10 0 o
b—a)(d—c b—a)/m
exp (—)\27( 2),(” )) - <g[(c.d[ )
n:)oo f(b—a)/m> | + H(b—a)/m
[c.d[ [c.d[

The matrix product formula is still valid if we replace the scalars a, B, v
and ¢ by, respectively, an operator, a vector, a covector and a scalar. So

we can replace them by the four elements / + H[(:;[c)/n, . f[gc’f;[c)/n> ’
<g[(ad;[6)/n and exp <—)\2%> of the earlier limit operator on

L2 ([a, b[) ® C. When we do this:
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(d=c)/n .

@ Since the kernel of H[ is
a,b[
(s,t) — —A? & ; CXA[ B[ (s t) e_/\Q(d_C)(t_s)/Qn)
d—
~ —A? o X (s.t) + 0 (1/n%),
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(d=c)/n .

@ Since the kernel of H[ is
a,b[
(s,t) — —A? & ; CXA[ B[ (s t) e_AQ(d_C)(t_S)/Qn)
d—
~ —A? —Xa,y (s,t)+ O (1/n%)

o it follows that

H[(:E[C)/n ~ —(1/n) 22 (d —c) V[a,b[ +0 (1/n2)

where V], p is the Volterra integral operator whose kernel is XA

March 2015 10 / 27

Unitary quantum stochastic double product ir

Robin Hudson (Institute)



@ Since the kernel of H[(:;[C)/n is

d—c ( t) e —A%(d—c)(t—s)/(2n)

(s.t) —A? XAp,

~ /\zd_ XD (s,t)+0(1/n2),

o it follows that

H[(:E[C)/n ~ —(1/n) 22 (d —c) V[a,b[ +0 (1/n2)

where V], p is the Volterra integral operator whose kernel is XA

@ Hence when o« = | + H[(ad;[c)/", at least at a heuristic level,

2 n
no_ (d—c)/n\" A% (d—c)
o= (1 HT) <’ Ve
— exp (—)\2 (d—c¢) V[a,b[) .

March 2015
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@ Using this limit, we can evaluate explicitly the limit

lim { lim_T1(;s0en, i, RYL “}

n—oo

= lim { I|m ITi<k<n {TTi<j<mX;, k}}
n—oo

= lim {ngkgn{ lim H1§jgmxj,k}}-
n—oo m—0o0
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@ Using this limit, we can evaluate explicitly the limit

lim { lim_T1(;s0en, i, RYL “}

n—oo

lim { I|m ITi<k<n {TTi<j<mX;, k}}
n—oo

lim {ngkgn{ lim H1§jgmxj,k}}-
n—oo m—0o0

@ Similarly, by reversing the order of our limiting procedures we can

evaluate

Robin Hudson (Institute)

im_{ 1im T en, o, Rin }
m—0Q n—oo
lim {nIianH1gjgm {ngkgnxj,k}}

m—0oo

lim {nggm{ lim ngkgnxj,k}}.
m—0o0

m—oo
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@ Using this limit, we can evaluate explicitly the limit

lim { lim TLj yen, v, RS, “}

n—oo

= lim { I|m ITi<k<n {TTi<j<mX;, k}}
n—oo

= |lim {ngkgn{ lim H1§jgmxj,k}}-
n—oo m—0o0

@ Similarly, by reversing the order of our limiting procedures we can
evaluate
lim {hmH nen. i, RY: )}
m—oo (n—oo (J )E x

= lim_{ lim TTijcm {Thckcntin} |
Jm 1g,§m{ 1<k<n J,k}

m—0oo

= lim {nggm{ lim ngkgnxj,k}}.
m—0o0

m—oo

o Fortunately, the two iterated limits are equal.

Robin Hudson (Institute) Unitary quantum stochastic double product ir March 2015 11 /27



. k . ik
Jim { Jim T oen e, R | = Jim { lim T oen, o, R |
- I+ Ay B,
- Cy I+ D,

where A,, By, C, and D, are respectively integral operators from
L2 ([a, b]) to itself, from L2 ([c, d]) to L? ([a, b]) and vice versa, and from
L2 ([c, d[) to itself, whose kernels are given repectively by

V(A2 (d—¢ N+1
KerAy(sit) = Xa,(s.1) (t—s)V (=A% (d —¢))

P NI (N +1)!
© (=A2(b—s)(t—c))"
Ker B, (s, t) = X[a,b[x|c '
er B, (s, t) b[x| dl\IZ::0 (N1)?
© (—A%(d—s)(t—a
KEI‘C/\(S,t) = _AX[c,d[X[a,b[Z( ( 2( >) ,

Ker D) (s, t) = ot
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@ Following all these heuristics, it can then be shown rigorously? that
| + A/\ B/\
Cy I + D,
quantization satisfies the quantum stochastic differential equations
which rigorously define  [] (1+iA (dP® dQ — dQ ® dP)).
la,b[x[c,d[

is indeed a unitary operator, and that its second

2R L Hudson and P Jones, Explicit construction of a unitary double product integral,
pp 215-236, in Noncommutative harmonic analysis with applications to probability I,
eds M Bozeko, A Krystek and L Wojakowski, Banach Center Publications 96 (2012).
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@ Following all these heuristics, it can then be shown rigorously? that
| + A/\ B/\
Cy I + D,
quantization satisfies the quantum stochastic differential equations
which rigorously define  [] (1+iA (dP® dQ — dQ ® dP)).
la,b[x[c,d[

is indeed a unitary operator, and that its second

@ Thus

) _ I+Ay Bx
(1+/A(dP®dQ—dQ®dP))—F<[ - /+DAD.

[a,b][x[c,d]

2R L Hudson and P Jones, Explicit construction of a unitary double product integral,
pp 215-236, in Noncommutative harmonic analysis with applications to probability I,
eds M Bozeko, A Krystek and L Wojakowski, Banach Center Publications 96 (2012).
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@ Following all these heuristics, it can then be shown rigorously? that
| + A/\ B/\
Cy I + D,
quantization satisfies the quantum stochastic differential equations
which rigorously define  [] (1+iA (dP® dQ — dQ ® dP)).
la,b[x[c,d[

is indeed a unitary operator, and that its second

@ Thus

(1+iA(dP®dQ—dQ®dP)):F<[ 4 B D

[a.b]x[c,d] G 1+D,

@ The construction of the corresponding triangular double product
integral is considerably more difficult because it cannot be evaluated
using this iterated limit technique. It is the subject of Yuchen Pei's
talk.

2R L Hudson and P Jones, Explicit construction of a unitary double product integral,
pp 215-236, in Noncommutative harmonic analysis with applications to probability I,
eds M Bozeko, A Krystek and L Wojakowski, Banach Center Publications 96 (2012).
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@ Generally, the triangular and rectanguar product integrals

[] (1+dr)and J] (1+dr) are unitary 3 if and only if
[a,b[x[c,d[ A[a,b[

dr + dr" + drdr* = 0. (2)
Here the lto algebra Z =C (dP, dQ, dT) has the multiplication table
dP dQ dT
dP | dT —idT 0

dQ | dT  dT 0
dT | 0 0 0

and the involution t under which dP, d@ and dT are all self adjoint.
Then 7 ® 7 is equipped with the tensor product multiplication and
involution.

3R L Hudson, Forward and backward adapted quantum stochastic calculus and
double product integrals, Russian Journal of Mathematical Physics 21, No3 (V P
Belavkin Memorial Volume), 348-361 (2014).
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@ Generally, the triangular and rectanguar product integrals

[] (1+dr)and J] (1+dr) are unitary 3 if and only if
[a,b[x[c,d[ A[a,b[

dr + dr" + drdr* = 0. (2)
Here the lto algebra Z =C (dP, dQ, dT) has the multiplication table

dP  dQ dT
dP | dT —idT 0
dQ | dT  dT 0
dT | 0 0 0

and the involution t under which dP, d@ and dT are all self adjoint.
Then 7 ® 7 is equipped with the tensor product multiplication and
involution.

@ All such dr are easily found. Take arbitrary skew-self-adjoint
d? € T®Z. Then d?d?" = &dT ® dT for some real & and
dr = dt — 1&dT ® dT satisfies (2). Every such dr is found this way.

3R L Hudson, Forward and backward adapted quantum stochastic calculus and
double product integrals, Russian Journal of Mathematical Physics 21, No3 (V P
Belavkin Memorial Volume), 348-361 (2014).
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@ Thus, as well as

dr = i (dP ® dQ — dQ ® dP),

d’ = i(dP®dP+dQ ® dQ),
do = i(dP®dQ+dQ® dP)—2dT @ dT,
do/ = i(dP®dP—dQ® dQ)—2dT ® dT

are all unitary generators.
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@ Thus, as well as

dr = i (dP ® dQ — dQ ® dP),

dl = i(dP®dP+dQ®dQ),
dp = i(dP®dQ+ dQ® dP) —2dT ® dT,
do = i(dP®dP—dQ®dQ)—2dT @ dT

are all unitary generators.

o Above we found that for the first of these, [] (1+Adr)is
[a,b[x[c,d]

: j k
) cosAOp,  —sin Ay, g
T (m,llllrﬂoon(j'k)eNmXN" ( sinA0n,  cosAOn, n )

T I+ A, B,
- Cy I + D,

for explicitly determined integral operators Ay, By, C, and D,.
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@ For the second type of generator, using the same techniques, we find

that [ (1+ip(dP®dP+dQ®dQ))is
[a,b[X][c,d]

rl im 11 cosublm,, isinpbm n sk
miseo  Urk)ENm XN, isinpubm , cospbm n

/ /
- F<IE'A’1 /BVD’>'
I +P‘

where A, = A, B, = iBy, C, = iC, and D), = D,.
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@ For the second type of generator, using the same techniques, we find

that [ (1+ip(dP®dP+dQ®dQ))is
[a,b[X][c,d]

rl im 11 cosublm,, isinpbm n sk

mneo UK)ENmXNy | - jgin Wmn cosybmn )
:F<I+,A;* B}’,/>.
G, I+ D,
where A;l = Ay B;: = iBy, C;’; =iC, and D;l = Dy.
@ More generally we can consider the real linear combination
dn, = i(A(dP®dQ—dQ®dP)+u(dP ® dP + dQ ® dQ))
= Adr+ udr’

which is also a unitary generator without time correction, since, as
well as dr? = dr’? =0,

drdr’ = dr'dr = 0.
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To construct H (1+dry,) . we have to find the correct element of
[a,b][x[c,d]

SU (2) whose second quantization implements the linear canonical

transformation got by conjugating by exp (6; ® &) ry .. Since we know

how to implement in this way dry o = Adr and dr;, = pdr’, we can find it

as a Trotter product type limit

N
im cos% —sin M;V cos”,(,"” /sm” m.n
s AOmn )\emn ,“ mn ,149
N—co0 sin =y Cos —— isin cos—N

_ cos|v]|Omn  —e Psin|v|0m,
—\ e?sin|v|0mn cos |V] Om.n

where v = A + iy = ¢ |v|. We find*

I+ A, B,
ey ([ A B )
[a,b][;!c,d[ ( ”) A/\'?‘ I+ D/\vﬂ

where now AA,“ = A!1 L B/\[u = e_"/’BM, C/\,F_ = e"PCM, DAy]i = D|1/|
4R L Hudson and Yuchen Pei, Unitary causal quantum stochastic double products as

universal interactions |, submitted, Loughborough Mathematics Preprint 2015.
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@ For the unitary generators

doy, = iA(dP®dQ+ dQ® dP) —2A%dT ®dT,
dp, = ip(dP®dP —dQ®dQ) —2u*dT @ dT

the corresponding double product integrals H (1+dp,) and
[a,b[x[c,d[

| | <1 + dp! )are not second quantizations.
I3
[a,b[x[c,d]
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@ For the unitary generators

doy, = iA(dP®dQ+ dQ® dP) —2A%dT ®dT,
dp, = ip(dP®dP —dQ®dQ) —2u*dT @ dT

the corresponding double product integrals H (1+dp,) and
[a,b[x[c,d[
H 1+ dp%)are not second quantizations.
[a,b[x[c,d]

@ But they can still be described as unitary implementors of explicit
Bogolubov transformations, that is, invertible real-linear
transformations on L2 ([a, b[) @ L2 ([c, d[) which preserve only the
imaginary part of the inner product.
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@ For the unitary generators

doy, = iA(dP®dQ+ dQ® dP) —2A%dT ®dT,

ro_ _ 9,2
do, = in(dP ® dP — dQ ® dQ) — 2u~dT @ dT
the corresponding double product integrals H (1+dp,) and
[a,b[x[c,d[
H 1+ dp%)are not second quantizations.

[a,b[x[c,d]

@ But they can still be described as unitary implementors of explicit
Bogolubov transformations, that is, invertible real-linear
transformations on L2 ([a, b[) @ L2 ([c, d[) which preserve only the
imaginary part of the inner product.

@ Complex linear Bogolubov transformations are unitaries U; and their

second quantizations I (U) implement them, meaning that
T (U)W (F)T (U)"" = W (UF) for each Weyl operator W (F).
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@ For the unitary generators

doy, = iA(dP®dQ+ dQ® dP) —2A%dT ®dT,
dp, = ip(dP®dP —dQ®dQ) —2u*dT @ dT

the corresponding double product integrals H (1+dp,) and
[a,b[x[c,d[
H 1+ dp%)are not second quantizations.
[a,b[x[c,d]

@ But they can still be described as unitary implementors of explicit
Bogolubov transformations, that is, invertible real-linear
transformations on L2 ([a, b[) @ L2 ([c, d[) which preserve only the
imaginary part of the inner product.

@ Complex linear Bogolubov transformations are unitaries U; and their
second quantizations I (U) implement them, meaning that
T (U)W (F)T (U)"" = W (UF) for each Weyl operator W (F).

@ Those which are only real-linear can still have unitary implementors in
this sense which are not second quantizations..
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e When p, = iA (dP ® dQ + dQ ® dP) — 2A2dT ® dT®, we find that
each exp ((5j ® (52) p, unitarily implements the Bogolubov
transformation on C? = R*

[ coshA@p,, «sinhAOn,,
~ \_sinh Ay, .k coshAOp, ,

where k¥ denotes complex conjugation. This means that

exp(5j®5;<)PAW<[ VZV D (exp (6;©8)) p,) ' = W<B[ VZV D

for every corresponding Weyl operator W ((z W)T) .

5P Jones, Unitary double product integrals as implementors of Bogolubov
transformations, Loughborough University PhD thesis (2014).
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e When p, = iA (dP ® dQ + dQ ® dP) — 2A2dT ® dT°, we find that
each exp ((5j ® (52) p, unitarily implements the Bogolubov
transformation on C? = R*

_ coshABp, ,  xsinhAf,, ,
o < sinh A0,k cosh A0, , )

where k¥ denotes complex conjugation. This means that

exp(5j®5;<)PAW<[ VZV D (exp (6;®6)) p,) "+ = W<B[ VZV D

for every corresponding Weyl operator W ((z W)T) .

o Now form the embeddings Bh, as (m+ n) x (m+ n) matrices, and
embed C"™" = C™ & C" into L? ([a, b]) & L% ([c, d[) as before.
Then I1; 1yeN,, <N, B{,;/f,, is also a Bogolubov transformation and

|:/+~A)\ KB, :|

_ ko
lim 11 1yeN, <N, B = CA\K 1+D,

m,n— o0

5P Jones, Unitary double product integrals as implementors of Bogolubov
transformations, Loughborough University PhD thesis (2014).

Robin Hudson (Institute) Unitary quantum stochastic double product ir March 2015 19 /27



@ Here K is functional complex conjugation on L? ([a, b[) and A, B;,
Cy, and D, are explicit integral operators. Then

L aeaw () (1 ava)
(i [0

for every Weyl operator W ((f,g)") .
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@ Here K is functional complex conjugation on L? ([a, b[) and A, B;,
Cy, and D, are explicit integral operators. Then

L aeaw () (1 ava)
(i [0

for every Weyl operator W ((f,g)") .

o J] (1+dp,)isnot uniquely characterized by (3). Any
[a,b][x[c,d]
unimodular complex multiple will do the same.
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@ Here K is functional complex conjugation on L? ([a, b[) and A, B;,
Cy, and D, are explicit integral operators. Then

I1 [(1+dPA)W([2]>< [T <1+dPA>>

[a,b[x][c,d [a,b[x[c,d[
I+ ./4/\ KB,\ f
- w(l'ae A5 1e]) ®
for every Weyl operator W ((f,g)") .

° H (1+dp,) is not uniquely characterized by (3). Any
[a,b[x[c,d]
unimodular complex multiple will do the same.

@ But there is a unique system of implementors which is separately
evolutionary in [a, b] and [c, d[, and covariant under shifts and time
reversal. When defined as a solution of gsde’s, [] (1+dp,)is

[a,b[x[c,d[
known to have these properties. So ([ [ (14 dp,))acbc<d is
[a,b[x[c,d]
the unique bievolutionary bicovariant system of unitary implementors
of the corresponding system of explicit Bogolubov transformations.

-1
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In the case of dp;l = iu(dP ® dP — dQ ® dQ) — 2u*>dT ® dT we replace

B, — coshABp, n  sinh ABp, px
A7 \Usinh A8, 0k cosh AGp,

by

B — cosh by, ,  —isinh uby, px
B\ isinhpy@p, ok cosh i@, p
and similarly costruct the explicit Bogolubov transformation

: . I+ A, KB,
m,lkrﬂoon(j'k)E]NmXNNBI/JJ"’I;'” - |: C‘;KV I—f—g;[ :|

for which

[1 @Q+ip(dP®dP—dQ®dQ)—2u*dT @ dT)
[a,b[x[c,d]]

is the unique bievolutionary bicovariant system of unitary implementors.
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@ The combination
dp/w = i{A(dP®dQ+ dQ @ dP)
1 (dP ® dP — dQ ® dQ) —2\A+iy|2dT®dT}
is also a unitary generator, since

(dP ® dQ + dQ ® dP) (dP ® dP — dQ ® dQ) = 4idT @ dT,
(dP @ dP — dQ ® dQ) (dP ® dQ + dQ ® dP) = —4idT @ dT.
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@ The combination
dp/w = i{A(dP®dQ+ dQ @ dP)
1 (dP ® dP — dQ ® dQ) —2\A+iy|2dT®dT}
is also a unitary generator, since

(dP ® dQ + dQ ® dP) (dP ® dP — dQ ® dQ) = 4idT @ dT,
(dP @ dP — dQ ® dQ) (dP ® dQ + dQ ® dP) = —4idT @ dT.

@ To construct the corresponding product integral we again apply the
Trotter product trick:

cosh %Gm,n sinh %Gm,nK cosh %Hm,,, —isinh %Gm,,ﬂ( N
sinh %Bm,nx cosh %Gm,n i sinh %Gm'nx cosh %Gm,n

. cosh [v| O, € Pxsinh |v| 0,
N—oo | €Pxsinh |v|0m, cosh |v| Om.n '

where as before v = A + iy = |v| e'?.
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@ We construct the corresponding Bogolubov transformation as the
limit as m, n — oo of discrete products of (m+ n) X (m+ n) matrix
embeddings of this pseudorotation.
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@ We construct the corresponding Bogolubov transformation as the
limit as m, n — oo of discrete products of (m+ n) X (m+ n) matrix
embeddings of this pseudorotation.

I+ A)\,y KB,

CM,K I+ D/\H
A Bay, Cry and Dy, are integral operators with explicit kernels.
It is a Bogolubov transformation. The unique bievolutionary covariant
system of unitary implementors of these transformations gives the
corresponding family of rectangular product integrals.

@ The resulting real-linear operator is , Where
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@ We construct the corresponding Bogolubov transformation as the
limit as m, n — oo of discrete products of (m+ n) X (m+ n) matrix
embeddings of this pseudorotation.

I+ A)\,y KB,

CM,K I+ D/\H
A Bay, Cry and Dy, are integral operators with explicit kernels.
It is a Bogolubov transformation. The unique bievolutionary covariant
system of unitary implementors of these transformations gives the
corresponding family of rectangular product integrals.

@ The resulting real-linear operator is , Where

@ It is possible to use the Trotter product trick twice over to construct
the general unitary double product, with generator of form
dryu+ dpA/'”, +7dT ®@dT.
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Because of

@ many connections between both classical Brownian motion and
random matrix theory and the Riemann zeta function (,
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@ the belief of some people, eg Jon Keating and Michael Berry, that
Hilbert's proposed self-adjoint operator whose eigenvalues should be
the imaginary parts of the zeros of { is "some sort of pq on a
manifold" which is not time-reversal invariant,
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Because of

@ many connections between both classical Brownian motion and
random matrix theory and the Riemann zeta function (,

@ the belief of some people, eg Jon Keating and Michael Berry, that
Hilbert's proposed self-adjoint operator whose eigenvalues should be
the imaginary parts of the zeros of { is "some sort of pq on a
manifold" which is not time-reversal invariant,

@ it is (possibly) more interesting to look at the unitary generator

AP @ dQ — A*dT @ dT
1 1

= §iA(dP®dQ—dQ®dP)+§i(/\(dP®dQ+dQ®dP))
—20%dT ® dT.
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Because of

@ many connections between both classical Brownian motion and
random matrix theory and the Riemann zeta function (,

@ the belief of some people, eg Jon Keating and Michael Berry, that
Hilbert's proposed self-adjoint operator whose eigenvalues should be
the imaginary parts of the zeros of { is "some sort of pq on a
manifold" which is not time-reversal invariant,

@ it is (possibly) more interesting to look at the unitary generator

AP @ dQ — A*dT @ dT
1 1

= §iA(dP®dQ—dQ®dP)+§i(/\(dP®dQ+dQ®dP))
—20%dT ® dT.

coshAO,,,/n —iksinhA@,,/n cosAOmp/n —sinAOmn/n
ixsinhAB,,/n coshA@,,,/n sinA@,,,/n cosAO,,/n

N 1 —ikAOmn/n 1 —AMma/n 1"
~ \| iKAOmn/n 1 ABmn/n 1
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1 — (ik+1)AOmy/n 1" :

~ [ (ix+1) ABumn /1 ( 1) ~ exp {(ix + 1) ABmpJ}
0 -1

where J = [ 1 0 ] .
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1 —(ix+1)A0pmn/n 1" .
~ [ (ix+1) ABumn /1 ( 1) ~ exp {(ix + 1) ABmpJ}
0 -1
where J = [ 1 0 ] .
@ Since J2 = —|

exp { (it +1)AOmpJ} = cos {(ik +1) AOpmp} +sin {(ik +1) AOpp} J

cos ((ik 4+ 1) ABmp) = cos (ikABmp) cos ABmp — sin (iKkABmp) sin Ay,

_ iKAO mn iKAO i A%02

cos (ikAOpmp) = 1—2—!+--- = 1_T
A, A,

sin (ikAOmp) = iKAOmp — i 3 + ik i
So

cos ((ik + 1) Abmn) = (cosABmn)® + ik (SN AOmn)>,
sin((ik+1)ABmp) = iksin AOmp cos ABmp + cos A8, sin AO .

+ -+ = cosAf,y,

- = iksSinAOpp.
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So
exp{(ik+1)AbmpJ} = cos((ikx+1)AOmp) 4+ sin ((ix+1)AOmy) J

St

& = 8= (cosAOmn)> + ik (sin A, )
—B = 7 =ixksin Ay, cos A0y, + cos ABpy, sin Ay,

where

Then for large m

™o (1—(1+i1<)/\2(b_a) (d_c)>m

mn

«
ef(1+i1<)/\2(bfa)(dfc)/n

e N (b=a)(d=e)/n 4 o (A (b—2a)(d—c) /n)
+iK sin (/\2 (b—a)(d—c)/n)

12

So we may play the same iterated limit game as before.
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Thank you for listening.
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