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The machines

Computation instructions:
Ly 2t 5 01 Zog, oe {+,—,-},
Iz 2 s=w%;

Branching instructions:
[: if Z; = 0 then goto [ else goto [»,

Copy instructions:

b Z;j. =
Index instructions:
i Ij =

e Ij = .L . 1,
[: if I; = I}, then goto [; else goto [ls.
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The complexity classes

The input: 3 =\ #e ol B Uix1 q:'?
The guesses: ¥ = e s Y B Baag 0%

Assignment: X b3 L1y B Vb3 Zpiiye ey Lnim
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The complexity classes

The input: X (B o anlls ) & Ussa i
The guesses: ¥ = e s Y B Baag 0%

Assignment: X b3 L1y B Vb3 Zpiiye ey Lnim
Polynomial time: cost(x) < kn°.

size(x): n.

cost (x): Number of executed instructions on x.
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The complexity classes

The input: X (B o anlls ) & Ussa i
The guesses: ¥ = e s Y B Baag 0%

Assignment: X b3 L1y B Vb3 Zpiiye ey Lnim
Polynomial time: cost(x) < kn°.

size(x): n.

cost (x): Number of executed instructions on

n— I

yla--'ayr::.:q

U ) U
Pg DNP¢
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The oracle machines

An oracle: O C C*.

The oracle machines:

if (Z1,...,725) € O then goto l; else goto [s.

P¢ € DNPg € NPg.

P C DNPg C NP§.
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A summary (1)

Structure DNP # NP DNP€ £ NP<

({0,1};0,1;5=)

(Z;Z; +, —; =)

(IR; IR; +, —; =)
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A summary (2)

Structure DNP # NP DNP€ £ NP<

({0,1}0,15;=) : @

(Z;Z; +, —; =)

(IR; IR; +, —; =)
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A summary (2)

Structure DNP # NP DNP€ £ NP<

({0,1};0,1; ;=) i no oracle

(Z;Z; +, —; =)

(IR; IR; +, —; =)

1 7
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A summary (2)

Structure DNP # NP DNP€ £ NP<

({0,1};0,1; ;=) i no oracle

(Z;Z; +, —; =)

(IR; IR; +, —; =)

1 7
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A summary (2)

Structure

DNP # NP

DNPC £ NP€

({0,1};0,1;5=)

Baker-Gill-Solovay

no oracle

(Z;Z; +, —; =)

(IR; IR; +, —; =)
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A summary (2)

Structure DNP # NP DNP€ £ NP<

({0,1};0,1; ;=) i Baker-Gill-Solovay no oracle

(Z;Z; +, —; =) 3§ 38 0

(IR; IR; +, —; =) > the Emersom

(IR,,]R,J?—F,—,:) ! 7 . @
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A summary (2)

Structure DNP # NP DNP€ £ NP<

({0,1};0,1; ;=) i Baker-Gill-Solovay no oracle

(Z;Z; +, —; =) 3§ 38 0

(IR; IR; +, —; =) > the Emersom

(IR,,]R,J?—F,—,:) l -k @
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A summary (2)

Structure DNP # NP P2 # DNP€ DNP€ # NP<

the
({0,1};0,1; ;=) i Baker-Gill-Solovay no oracle
oracle

(Z;Z; +, —; =) 3§ 38 0

(IR; IR; +, —; =) > the Emerson oracle
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A summary (2)

Structure DNP # NP P2 # DNP€ DNP€ # NP<

the
({0,1};0,1; ;=) i Baker-Gill-Solovay no oracle

(Z;Z; +, —; =)

(IR; IR; +, —; =) > the Emerson oracle
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A summary (3)

Structure DNP # NP P2 # DNP€ DNP€ # NP<

the
({0,1};0,1; ;=) i Baker-Gill-Solovay no oracle
oracle

(Z;Z; +, —; =) 3§ 38 0

(IR; IR; +, —; =) > the Emerson oracle
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Natural problems as oracles (1)

Analogously to (IR; IR;:, +, —; =) we get (1), (2), and (3).

1) ® e NPZ \ DNPZ,
qQ
(2) @® € NPE \DNPE where @ ={¢?| ¢ € Q},

(3) R, € NP& \DNPF where R, ={r|re€ R & r > 0},
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Natural problems as oracles (1)

Analogously to (IR; IR;:, +, —; =) we get (1), (2), and (3).

1) ® e NPZ \ DNPZ,
qQ
(2) @® € NPE \DNPE where @ ={¢?| ¢ € Q},

(3) R, € NP& \DNPF where R, ={r|re€ R & r > 0},

(4) D € NPgt \ DNPg*+ where ID ={(c,1) € € x R, | |¢| =}.

We want to show (4).
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Natural problems as oracles (2a)

Di=dte .l & IRy | e =1k
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Natural problems as oracles (2a)

Di=dte .l & IRy | e =1k

(c1 + 2ca,1) € ID
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Natural problems as oracles (2a)

Di=dte .l & IRy | e =1k

Koln 2009

(c1 + 2ca,1) € ID

e IR,

& I“ =ci +c5

& (meRy or —cp € Ry)
&(CQEE.1 or —CzEIR..i)

A

real part c, » ¢ tic

»
»

c, imaginary part
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Natural problems as oracles (2a)

Di=dte .l & IRy | e =1k

(c1 + 2ca,1) € ID

B £ ]R,+)
— a5 = ]R.{)

real part c, » ¢ tic

»
»

c, imaginary part
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Natural problems as oracles (2a)

Di=dte .l & IRy | e =1k

(c1 + 2ca,1) € ID
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Natural problems as oracles (2b)

Assume, ID = {(¢,]) e C xR, | |¢| =1} € DNPg™.

— ID is decidable by an oracle machine A in bounded time.
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Natural problems as oracles (2b)

Assume, ID = {(¢,]) e C xR, | |¢| =1} € DNPg™.

— ID is decidable by an oracle machine A in bounded time.

= There are py, ..., p, € Clz] such that

each computation path of A/ on (x, 1) can be described by some

pe() =0, (@) £0,  m(@)€Ry,  pr(e) € Ry
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Natural problems as oracles (2b)

Assume, ID = {(¢,]) e C xR, | |¢| =1} € DNPg™.

— ID is decidable by an oracle machine A in bounded time.

= There are py, ..., p, € Clz] such that
each computation path of A/ on (x, 1) can be described by some

pe() =0, (@) £0,  m(@)€Ry,  pr(e) € Ry

= There artere, ¢ with |g| =1, |¢'| & 1, and

pr(c) #0 (k < m),

pr(c) & IRy \
or Pk (C) < R—F
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Natural problems as oracles (2b)

Assume, ID = {(¢,]) e C xR, | |¢| =1} € DNPg™.

— ID is decidable by an oracle machine A in bounded time.

= There are py, ..., p, € Clz] such that
each computation path of A/ on (x, 1) can be described by some

pe() =0, (@) £0,  m(@)€Ry,  pr(e) € Ry

= There artere, ¢ with |g| =1, |¢'| & 1, and

pr(c) #0 (k < m),
Pk (C) g ]R+
or pr(c) € Ry C
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Natural problems as oracles (2b)

Assume, ID = {(¢,]) e C xR, | |¢| =1} € DNPg™.

— ID is decidable by an oracle machine A in bounded time.

= There are py, ..., p, € Clz] such that
each computation path of A/ on (x, 1) can be described by some

pe() =0, (@) £0,  m(@)€Ry,  pr(e) € Ry

= There artere, ¢ with |g| =1, |¢'| & 1, and
pr(c) #0 & pr(c) #0 (k < m),

pr(c) & My & pr(c’) € Ry,
or pr(c) ERy & pr(c) e IR, . c’
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Natural problems as oracles (2b)

Assume, ID = {(¢,]) e C xR, | |¢| =1} € DNPg™.

— ID is decidable by an oracle machine A in bounded time.

= There are py, ..., p, € Clz] such that
each computation path of A/ on (x, 1) can be described by some

pe() =0, (@) £0,  m(@)€Ry,  pr(e) € Ry

= There artere, ¢ with |g| =1, |¢'| & 1, and

pr(c) #0 & pr(c) #0 (k < m),
pr(c) € Ry & pi(c) € Ry,
or pr(c) ERy & pr(c) E R,y .

= (c¢,1) and (c¢/, 1) have the same computation path.
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A summary (3)

Structure DNP # NP P2 # DNP€ DNP€ # NP<

the
({0,1};0,1; ;=) i Baker-Gill-Solovay no oracle
oracle

(Z;Z; +, —; =) 3§ 38 0

(IR; IR; +, —; =) > the Emerson oracle
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A summary (3)

Structure DNP # NP P2 # DNP€ DNP€ # NP<

the
({0,1};0,1; ;=) i Baker-Gill-Solovay no oracle
oracle

(Z;Z; +, —; =) 3§ 38 0

(IR; IR; +, —; =) > the Emerson oracle
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An oracle @ with DNP_.“ # NP

U C C* set of codes

u € U code of the pair (pu, Pu)

s polynomial

2, program of a DNP%-machine.

NB machine using B C C*, P,, and the time bound p,,.
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An oracle @ with DNP_.“ # NP

U C C* set of codes

u € U code of the pair (pu, Pu)

s polynomial

2, program of a DNP%-machine.

NB machine using B C C*, P,, and the time bound p,,.

Vo = (. Stage 7 > 1:
K;={ueU| (VB C C™)
(NE does not use any integer j > ¢ in a query on input u)},
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An oracle @ with DNP_.“ # NP

U C C* set of codes

u € U code of the pair (pu, Pu)

s polynomial

2, program of a DNP%-machine.

NB machine using B C C*, P,, and the time bound p,,.

Vo = (. Stage 7 > 1:
Ki={uelU| (¥VBC C™)
(NE does not use any integer j > ¢ in a query on input u)},
W; = Uk<i Vi,
Vi ={(i+1,u) | ue K; & N}Yi does not accept u}.
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An oracle @ with DNP_.“ # NP

U C C* set of codes

u € U code of the pair (pu, Pu)

s polynomial

2, program of a DNP%-machine.

NB machine using B C C*, P,, and the time bound p,,.

Vo = (. Stage 7 > 1:
Ki={uelU| (¥VBC C™)
(NE does not use any integer j > ¢ in a query on input u)},
W; = Uk<i Vi,
Vi ={(i+1,u) | ue K; & N}Yi does not accept u}.

Q1 = Uiz Wi
L = {y | (3n € N*)((n,y) € Q1)} € NP$' \ DNPZ".
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A summary (3)

Structure

DNP # NP

PQ £ DNP¥

DNPC £ NP€

({0,1};0,1;5=)

the
Baker-Gill-Solovay
oracle

no oracle

(Z;Z; +, —; =)

)

(IR; IR; +, —; =)

the Emerson oracle

0

Z, Q). IR, IR,
an oracle derived
from the Eme. oracle
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A summary (4)

Structure

DNP # NP

PQ £ DNP¥

DNPC £ NP€

({0,1};0,1;5=)

the
Baker-Gill-Solovay
oracle

no oracle

(Z;Z; +, —; =)

)

(IR; IR; +, —; =)

the Emerson oracle

0

Z, Q). IR, IR
an oracle @1 derived
from the Eme. oracle
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An oracle Q with P.° # DNP.

thc code of a pair (p;, )

polynomial

program of a PY-machine using only 1:]:10.

machine using B C €, F;, and the time bound p;
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An oracle Q with P.° # DNP.

thc code of a pair (p;, )

polynomial

program of a PY-machine using only 1:]:10.

machine using B C €, F;, and the time bound p;

Vo =0, mg = 0. Stage ¢ > 1: Let n; > my;_1 and p;(n;) +n; < 2™,
Wi =U;<i Vj,
Vi = {x € {0, 11" | AZ¥ rejects (0,...,0) € T
& x is not queried by ,N?l:" on input (0, ..,0) € €%}

R = A
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An oracle Q with P.° # DNP.

thc code of a pair (p;, )

polynomial

program of a PY-machine using only 1:]:10.

machine using B C €, F;, and the time bound p;

Vo =0, mg = 0. Stage ¢ > 1: Let n; > my;_1 and p;(n;) +n; < 2™,
Wi =Uj;<i Vj,
Vi ={x e {0,1}™ | Mj"" rejects (0,...,0) € C™
& x is not queried by J\r’;ﬂ”' on input (0,...,0) € C*}

R = A

Qe = Lks1 W,
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An oracle Q with P.” # DNP_.“?

the code of a pair (p;, )
polynomial

program of a P“-machine using the r:c:-nstant

codes ol €i; «.on6f. € L

B e s s "
N; ‘uses B C €C*, ¢,...,¢k,, F;, and the time bound p;

Vi ={x € {0,1}" |
\‘f‘{?l o \‘?}C,ﬁ-_‘- (Ml-i-;,m youvsCieg 1’eje{:t.5 (Uj L O) c Q"
& x is not queried by MI'F’_"’:““"'“"*' on (0,...,0) € C*)}

*i rejects (0,...,0) € €% & V; = 0).
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An oracle Q with P.° # DNP”

__,jﬂ._f?‘{l - f“}”‘ e {0,1}7

where k < ki €1 «vo:6: € U, 0, 0 € Z.
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An oracle Q with P.° # DNP”

: . , . Tk o
Zjl 5""1-?-;!_2[] (l-?lf"“.?.ﬁ-.cl =i c;l‘- E {O} 1} z

whiere k < ki, ©is v Chip € C, @5, 50 € Z.

p(cﬂ:) — O? i
f‘OI' p ,:Li —— Z l::l:- ___,"'.{:le
P(Cg;) = 17 ( ) P Fsaet1

Koln 2009 gassnerc@uni-greifswald.de



An oracle Q with P.° # DNP”

whiere k < ki, ©is v Chip € C, @5, 50 € Z.

=17
Pl — 0 Br p@) = T gl odt

pleg) = 17 fisnegggaD

=) StEpe § = Liw o B
FJ—FJ 1 dJ 1 if(:jEFj..l,
i = F;_1(¢c;), d; =00 if ¢; is not algebraic over Fj_;,
;= F; q[e;]l, d;j =m if thereis an irreducible ¢; € F;_;[x],
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An oracle Q with P.° # DNP”

where k < k;, c1, .

p(cp) = 07
pleg) = 17

=) BEREE ) = ey Mgt
FJ—FJ 1 dJ if(:jEFj..l,
sl qlez), s if ¢; is not algebraic over F}_i,
gty ylesl, s , if there is an irreducible g; € F;_;[z],
degree(q;) = 2 & g;(¢;) = 0.

dip =] =% cr is not necessary.
dy, = oo = p(cﬁr) # 0.
dy .2 = p(ci) = 0 iff grlp.

Koln 2009 gassnerc@uni-greifswald.de



An oracle Q with P.° # DNP”

The answer to p(ci) = 07 and p(ci) = 17 is only dependent on some

char(els s w5 G ) = @iss o s Qs o 5 55Qhy)

where dy, > 2 = qi(ci) = 0 and g irreducible.

Koln 2009 gassnerc@uni-greifswald.de



An oracle Q with P.° # DNP”

The answer to p(ci) = 07 and p(ci) = 17 is only dependent on some

char(els s w5 G ) = @iss o s Qs o 5 55Qhy)

where dy, > 2 = qi(ci) = 0 and g irreducible.

i € IN" the code of (p;, P, t;)
t, = (d13°°°1dki:q1a°°°aq;{:5)
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An oracle Q with P.° # DNP”

The answer to p(ci) = 07 and p(ci) = 17 is only dependent on some

char(els s w5 G ) = @iss o s Qs o 5 55Qhy)

where dy, > 2 = qi(ci) = 0 and g irreducible.

i € IN" the code of (p;, P, t;)
t, = (d13°°°1dki:q1a°°°aq;{:5)

Vi ={xe€{0,1}" | Ve ---Veg,(char(cy, ..., cr,) = 1
& J\@W‘:”CI""’%& rejects (0,...,0) € €
& x is not queried by ./\/;Wi’cl"'"’ck*’ on (0,...,0) € €C")}

Ly ={y | (Gie N*)(y e C* & V; £ 0)} €« DNP&*\ P&-.
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A summary (5)

Structure

DNP # NP

PQ £ DNP¥

DNPC £ NP€

({0,1};0,1;5=)

the
Baker-Gill-Solovay
oracle

no oracle

(Z;Z; +, —; =)

)

(IR; IR; +, —; =)

the Emerson oracle

0

)
D
&

Z, Q). IR, IR
an oracle @1 derived
from the Eme. oracle
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A second oracle () with P(CQ F DNP(CQ

Ey = Q, 11,72,... where 7;,1 is transcendental over E; =q4¢ E; 1(7;)

A, ={(v1,...,v2,) € {0,1}* | 2% v; =n }-

% —Ua{ (), sn(|v2n|), (SE o) € RO | (0, van) € An)
L3 — Un:l{(oa U2n) € Ay }
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A second oracle () with P(CQ F DNP(CQ

Ey = Q, 11,72,... where 7;,1 is transcendental over E; =q4¢ E; 1(7;)

A, ={(v1,...,v2,) € {0,1} | =2 v; =n}

Q?) — U'?f:l{(sgn(l(vﬂ)? s € IR2n+1 | (Ula mow ey U?n) S An}
n+
U1

o 8 ':U2‘n) = Aﬂ}

= Each computation path of a P<3-machine is traversed by (0,...,0,z)
only if x satisfies some

(Zla"'azSapk(:E)) Q Q3: (zla"'azSapk(z)) = Q3-
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A second oracle () with P(CQ F DNP(CQ

Ey = Q, 11,72,... where 7;,1 is transcendental over E; =q4¢ E; 1(7;)

A, ={(v1,...,v2,) € {0,1} | =2 v; =n}

Q?) — U'?f:l{(sgn(l(vﬂ)? s € IR2n+1 | (Ula mow ey U?n) S An}
n+
U1

.., Van) € Apnt.
= Each computation path of a P<3-machine is traversed by (0,...,0,z)
only if x satisfies some
(21, -, 25, Pe(2)) & Ls, (21, .-, 2s, pr(x)) € Q3.
For any P2s-machine there is an iy such that
(1) z = =2 41 viTis
(2) v 0, g1 =+ =v2,= 0 (ip <l < 2n),

(3) (zla -5 Ry pk:(z)) = Q3
= s > 2nand (Zy41,--.,2s) = (sgn(|vig+1]), - - -, sgn(|vl),0,. ..
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A second oracle () with P(CQ F DNP(CQ

Ey = Q, 11,72,... where 7;,1 is transcendental over E; =q4¢ E; 1(7;)

A, ={(v1,...,v2,) € {0,1} | =2 v; =n}

Q?) — U'?f:l{(sgn(l(vﬂ)? s € IR2n+1 | (Ula mow ey U?n) S An}
n+
U1

o 8 ':U2‘n) = Aﬂ}

= Each computation path of a P<3-machine is traversed by (0,...,0,z)
only if x satisfies some

(Zla"'azSapk(:E)) Q Q3: (zla"'azSapk(z)) = Q3-

For any P2s-machine there is an iy such that

(1) z = =2 41 viTis

(2) v 0, g1 =+ =v2,= 0 (ip <l < 2n),

(3) (215---, 25, Pi(T)) € Q3

= s > 2nand (Zy41,--.,2s) = (sgn(|vig+1]), - - -, sgn(|vl),0,. ..
— L3 € DNPg*\ P&
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A summary (6)

Structure

DNP # NP

PQ £ DNP¥

DNPC £ NP€

({0,1};0,1;5=)

the
Baker-Gill-Solovay
oracle

no oracle

(Z;Z; +, —; =)

)

(IR; IR; +, —; =)

the Emerson oracle

0

o
«n

Z, Q). IR, IR
an oracle @1 derived
from the Eme. oracle
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Two oracles O with P(CO = DNP(CO

The universal DN-oracle and the E-oracle:

W] —" w:
Wi =U,;<«i Vj,

Vi ={(@1,...,1,%x,Code(M)) | M is a DNWi_machine &}

£
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Two oracles O with P(CO = DNP(CO

The universal DN-oracle and the E-oracle:

W] —" w:
Wi =U,;<«i Vj,

Vi ={(@1,...,1,%x,Code(M)) | M is a DNWi_machine & M(x) |!}

£

Oy =Ui1 W

O ={(1,...,1,x, Code(M)) | M is a E-machine &.
>
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Two oracles O with P(CO = DNP(CO

The universal DN-oracle and the E-oracle:

W] —" ma
Wi =U,;<«i Vj,

13

Koln 2009 gassnerc@uni-greifswald.de



Two oracles O with P(CO = DNP(CO

The universal DN-oracle and the E-oracle:
W] — w:
W; = U V4,

Vi ={(@1,...,1,%x,Code(M)) | M is a DNWi_machine & M(x) |!}

£

Oy =Ui1 W

O =4{(1,...,1,x, Code(M)) | M is a E-machine & M (x) ,I,EI}.

13

Koln 2009 gassnerc@uni-greifswald.de



Two oracles O with P(CO = DNP(CO

The universal DN-oracle and the E-oracle:
W] — w:
W; = U V4,

Vi ={(@1,...,1,%x,Code(M)) | M is a DNWi_machine & M(x) |!}

£

Oy =Ui1 W

O =4{(1,...,1,x, Code(M)) | M is a E-machine & M (x) ,I,EI}.

and Py = DNPg?.
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DPH_: and DPAT:

The Polynomial Hicrarchyz Uk>0 D ¢

P>
P e DE‘:‘{: (k > 0) iff there are Py € Pg, p1,.--,pr € IN[z]:

xe PN
(gym e {0, 1}pl£-n-))(\vfy(2} & 4 1}?»“3{“]) R (Q;.:y”") e {0, 1}m—(n:~)
(x, vy, ...,y®) e Py)
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DPH: and DPAT_

The Polynomial Hicrarchyz Uk>0 D ¢

P>
P e DE‘:‘{: (k > 0) iff there are Py € Pg, p1,.--,pr € IN[z]:

xe PN
(gym e {0, 1}pl£-n-))(\vfy(2} & 4 1}?»“3{“]) R (Q;.:y”") e {0, 1}m—(n:~)
(x, vy, ...,y®) e Py)

The Polynomial Alternating Time Class

P g™
P € DPAT iff there are Py € Pg, ¢ € IN[z]:

x e PNC" <
(Fy1 € {0,1})(Vz1 € {0,1}) - - - (Fygm) € {0,1})(Vzgm) € {0, 1})
((X: Ul 81gv s gSgink zq{:—"i,:l) = 'F’“)
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DPH: and DPAT_

The Polynomial Hicrar(:hyz Uk>0 D ¢

P>
P e DEE“: (k > 0) iff there are Py € Pg, p1,.--,pr € IN[z]:

% o P

3y € {011 @fliy® € (0.1120) - @uy® € 0, 1))
((X:'y :"'ayf)ejpﬂ)

The Polynomial Alternating Time Class

P g™
P € DPAT iff there are Py € Pg, ¢ € IN[z]:

x e PNC" <
(Bu1 € {0,11) (V1 g0 g - Guge € 0,11) (V2 € {0,1})
((X: Ui, 215« ++ yYgln);s 2g(n)) € p{])
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Two oracles O with P(CO = DNP

PSPACEq
7
DPHg — DPAT¢ — Pg' = DNPg'

v

PE® = PZ* =DNPS* = EXPg

E¢ =TIME(K®)
EXPg = TIME(2"")
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Relativizations of the P =2 DNP Question over the
Complex Numbers

Thank you for your attention!

Christine GalBner
Greifswald.

Thanks also to
Volkmar Liebscher and Dieter Spreen.
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