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ComputationComputation overover GroupsGroups
Some Special FeaturesSome Special Features

Our goal:Our goal:

Investigate possible relationships between the classesInvestigate possible relationships between the classes

PPGG ⊆⊆ DNPDNPGG ⊆⊆ NPNPG G ,,

PPGG
AA ⊆⊆ DNPDNPGG

AA ⊆⊆ NPNPGG
A A ..

Investigate special features resulting from the existence Investigate special features resulting from the existence 

of of only one constantonly one constant..
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ComputationComputation overover GroupsGroups
Some Special FeaturesSome Special Features

1.1. The uniform model The uniform model of of computationcomputation

2.2. A finite group with A finite group with PP ≠≠ NPNP

3.3. Groups and oracles with Groups and oracles with PPAA = NP= NPA A 

4.4. Groups and oracles with Groups and oracles with PPAA ≠≠ DNPDNPAA or or DNPDNPAA ≠≠ NPNPAA

5.5. Embedding of a group into a structure with Embedding of a group into a structure with P P == NPNP
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A structure:A structure: Σ Σ = (= (UU ; ; cc1 1 ,,……, , ccu u ;  ;  ff1 1 ,,……, , ffv v ;  ;  RR1 1 ,,……, , RRww , =), =)

Computation:Computation: ll:  :  ZZkk ≔≔ ffjj((ZZkk 11,,……, , ZZkkmmjj
)) ;;

ll:  :  ZZkk ≔≔ ccjj;;

Branching:Branching: ll:  :  ifif RRjj((ZZkk 11,,……, , ZZkknnjj
)) then then gotogoto ll1 1 else else gotogoto ll22; ; 

ll:  :  ifif ZZkk == ZZjj then then gotogoto ll1 1 else else gotogoto ll22; ; 

Copy:Copy: ll: : ZZIIkk≔≔ ZZIIjj;;

Index computation:Index computation: IIkk≔≔ 1;  1;  IIkk≔≔ IIkk++1;  1;  if  if  IIkk == IIjj then then gotogoto ll1 1 else else gotogoto ll22;;

The uniform model The uniform model 
of computationof computation

Christine Christine GaßnerGaßner gassnerc@unigassnerc@uni--greifswald.degreifswald.de

The uniform model The uniform model of of computationcomputation
A finite group with  P A finite group with  P ≠≠ NPNP

Groups and oracles with  PGroups and oracles with  PAA = NP= NPAA

Groups and oracles with PGroups and oracles with PAA ≠≠ DNPDNPAA or DNPor DNPAA ≠≠ NPNPAA

Embedding of a group into a structure with P Embedding of a group into a structure with P = = NP NP 
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The machine and the inputThe machine and the input

The size of 
the input

The uniform model The uniform model of of computationcomputation
A finite group with  P A finite group with  P ≠≠ NPNP

Groups and oracles with  PGroups and oracles with  PAA = NP= NPAA

Groups and oracles with PGroups and oracles with PAA ≠≠ DNPDNPAA or DNPor DNPAA ≠≠ NPNPAA

Embedding of a group into a structure with P Embedding of a group into a structure with P = = NP NP 



Computation in Computation in polynomial timepolynomial time::

For any machineFor any machine M  M  there is some there is some polynomialpolynomial ppMM ssuch that  uch that  

MM halts forhalts for x =x = ((xx11,,……, , xxnn) ) withinwithin ppMM ((nn)) steps.steps.

The execution of one operation is one time unit.The execution of one operation is one time unit.

⇨⇨ PPΣΣ ⊆⊆ DECDECΣΣ ((PPΣ Σ ≙≙ problems are decidable in polynomial time)problems are decidable in polynomial time)

Computation Computation 
in polynomial timein polynomial time

The uniform model The uniform model of of computationcomputation
A finite group with  P A finite group with  P ≠≠ NPNP

Groups and oracles with  PGroups and oracles with  PAA = NP= NPAA

Groups and oracles with PGroups and oracles with PAA ≠≠ DNPDNPAA or DNPor DNPAA ≠≠ NPNPAA

Embedding of a group into a structure with P Embedding of a group into a structure with P = = NP NP 
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The nonThe non--determinism of the first kind:determinism of the first kind:

gotogoto ll1 1 else else gotogoto ll2 2 ;;

⇨⇨ PPΣ Σ ⊆⊆ DNPDNPΣΣ ⊆⊆ DECDECΣΣ

The nonThe non--determinism of the second kind:determinism of the second kind:

guess(guess(ZZkk) ;) ; Arbitrary elements can be guessed!Arbitrary elements can be guessed!

⇨⇨ PPΣ Σ ⊆⊆ NPNPΣ             Σ             If If Σ Σ contains two elements, thencontains two elements, then DNPDNPΣ Σ ⊆⊆ NPNPΣΣ..
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The nonThe non--deterministic deterministic 
instructionsinstructions

The uniform model The uniform model of of computationcomputation
A finite group with  P A finite group with  P ≠≠ NPNP

Groups and oracles with  PGroups and oracles with  PAA = NP= NPAA

Groups and oracles with PGroups and oracles with PAA ≠≠ DNPDNPAA or DNPor DNPAA ≠≠ NPNPAA

Embedding of a group into a structure with P Embedding of a group into a structure with P = = NP NP 



no   no   ((eveneven integersintegers))no no (inf. (inf. ablabl. . groupsgroups))((ℤℤ ; ; ℤℤ ; +, ; +, –– ; ; ==))

no / no / yesyesnonoinfinite infinite ablianablian groupsgroups

????((ℂℂ ; ; ℂℂ ; +, ; +, ––, , ·· ;  ;  ==))

no   no   ((eveneven integersintegers))??((ℤℤ ; ; ℤℤ ; +, ; +, –– ; ; ≤≤))
yesyes ((KoiranKoiran))no no (Meer / (Meer / KoiranKoiran))((ℝℝ ; ; ℝℝ ; +, ; +, –– ;  ;  ==))

yesyes ((KoiranKoiran))??((ℝℝ ; ; ℝℝ ; +, ; +, –– ;  ;  ≤≤))

no     no     ((≤≤))??((ℝℝ ; ; ℝℝ ; +, ; +, ––, , ·· ;  ;  ==))

????((ℝℝ ; ; ℝℝ ; +, ; +, ––, , ·· ;  ;  ≤≤))

DNPDNP∑∑ == NPNP∑∑??PP∑∑ = = DDNPNP∑∑??∑∑

Some Some PP∑∑≟≟NPNP∑∑ problemsproblems
for several structures for several structures 
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The uniform model The uniform model of of computationcomputation
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LetLet (( GG; ; ee; ; ◦◦; =)  ; =)  be abe a group.group.

Computation:Computation:
(1)(1) ll:  :  ZZkk ≔≔ ZZii ◦◦ ZZjj ;;

(2)(2) withoutwithout parameters:parameters: ll:  :  ZZkk ≔≔ ee ;; ⇨⇨ (( GG; ; ee; ; ◦◦; =); =)--machines machines 

withwith parameters parameters gg∈∈GG:: ll:  :  ZZkk ≔≔ gg ;; ⇨⇨ (( GG; ; GG; ; ◦◦; =); =)--machines machines 

Branching:Branching: ll:  :  ifif ZZkk == ZZjj then then gotogoto ll1 1 else else gotogoto ll2 2 ; ; 
Copy:Copy: ll: : ZZIIkk≔≔ ZZIIjj ;;

Instructions for groupsInstructions for groups
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The uniform model The uniform model of of computationcomputation
A finite group with  P A finite group with  P ≠≠ NPNP

Groups and oracles with  PGroups and oracles with  PAA = NP= NPAA

Groups and oracles with PGroups and oracles with PAA ≠≠ DNPDNPAA or DNPor DNPAA ≠≠ NPNPAA
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We cannot separate 
elements of the same order without additional parameters.

A A ⊆⊆ GG,,

x x ∈∈ AA,, y y ∉∉ AA,   ,   order(order(xx) ) = = order(order(yy)) ⇒⇒ AA ∉∉ DECDECGG..

A A treetree of of computationcomputation pathspaths::

Decidability by Decidability by 

((GG; ; ee; ; ◦◦; =); =)--machinesmachines

z k = z m
no

no

no

yes

yes

yes
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z i = z j

z u = z v
noyes z r = z t

noyes z p = z q

The uniform model The uniform model of of computationcomputation
A finite group with  P A finite group with  P ≠≠ NPNP

Groups and oracles with  PGroups and oracles with  PAA = NP= NPAA

Groups and oracles with PGroups and oracles with PAA ≠≠ DNPDNPAA or DNPor DNPAA ≠≠ NPNPAA

Embedding of a group into a structure with P Embedding of a group into a structure with P = = NP NP 
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eerrrr²²rr³³ssrsrsrr²²ssrr³³ssrr³³ss
rr³³eerrrr²²rr³³ssssrsrsrr²²ssrr²²ss
rr²²rr³³eerrrr²²ssrr³³ssssrsrsrsrs
rrrr²²rr³³eersrsrr²²ssrr³³ssssss

rr²²ssrsrsssrr³³ssrr²²rreerr³³rr³³
rsrsssrr³³ssrr²²ssrreerr³³rr²²rr²²
ssrr³³ssrr²²ssrsrseerr³³rr²²rrrr

rr³³ssrr²²ssrsrsssrr³³rr²²rreeee
rr³³ssrr²²rsrsssrr³³rr² ² rree◦◦
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r

s

TheThe dihedraldihedral groupgroup
DD (2,4)(2,4) = = 

({({ee, , rr, , rr²², , rr³³, , ss, , rsrs, , rr²²ss, , rr³³ss}, }, ◦◦))

Rotation of a square:

Reflection of a square:

The uniform model The uniform model of of computationcomputation
A finite group with  P A finite group with  P ≠≠ NPNP

Groups and oracles with  PGroups and oracles with  PAA = NP= NPAA

Groups and oracles with PGroups and oracles with PAA ≠≠ DNPDNPAA or DNPor DNPAA ≠≠ NPNPAA

Embedding of a group into a structure with P Embedding of a group into a structure with P = = NP NP 



PPD D (2,4)  (2,4)  ≠≠ NPNPD D (2,4)(2,4)
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A A = {= {x x || ∃∃y y ((y y ◦◦ xx≠≠ xx ◦◦ yy)} )} = {= {rr, , rr³³, , ss, , rsrs, , rr²²ss, , rr³³ss}}
eerrrr²²rr³³ssrsrsrr²²ssrr³³ssrr³³ss
rr³³eerrrr²²rr³³ssssrsrsrr²²ssrr²²ss
rr²²rr³³eerrrr²²ssrr³³ssssrsrsrsrs
rrrr²²rr³³eersrsrr²²ssrr³³ssssss

rr²²ssrsrsssrr³³ssrr²²rreerr³³rr³³
rsrsssrr³³ssrr²²ssrreerr³³rr²²rr²²
ssrr³³ssrr²²ssrsrseerr³³rr²²rrrr

rr³³ssrr²²ssrsrsssrr³³rr²²rreeee
rr³³ssrr²²rsrsssrr³³rr² ² rree◦◦
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Embedding of a group into a structure with P Embedding of a group into a structure with P = = NP NP 



PPD D (2,4)  (2,4)  ≠≠ NPNPD D (2,4) (2,4) 
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A A = {= {x x || ∃∃y y ((y y ◦◦ xx≠≠ xx ◦◦ yy)} = {)} = {rr,, rr³³,, ss,, rsrs,, rr²²ss,, rr³³ss}}
eerrrr²²rr³³ssrsrsrr²²ssrr³³ssrr³³ss
rr³³eerrrr²²rr³³ssssrsrsrr²²ssrr²²ss
rr²²rr³³eerrrr²²ssrr³³ssssrsrsrsrs
rrrr²²rr³³eersrsrr²²ssrr³³ssssss

rr²²ssrsrsssrr³³ssrr²²rreerr³³rr³³
rsrsssrr³³ssrr²²ssrreerr³³rr²²rr²²
ssrr³³ssrr²²ssrsrseerr³³rr²²rrrr

rr³³ssrr²²ssrsrsssrr³³rr²²rreeee
rr³³ssrr²²rsrsssrr³³rr² ² rree◦◦
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A A = {= {x x || ∃∃y y ((y y ◦◦ xx≠≠ xx ◦◦ yy)} = {)} = {rr,, rr³³,, ss,, rsrs,, rr²²ss,, rr³³ss}}
eerrrr²²rr³³ssrsrsrr²²ssrr³³ssrr³³ss
rr³³eerrrr²²rr³³ssssrsrsrr²²ssrr²²ss
rr²²rr³³eerrrr²²ssrr³³ssssrsrsrsrs
rrrr²²rr³³eersrsrr²²ssrr³³ssssss

rr²²ssrsrsssrr³³ssrr²²rreerr³³rr³³
rsrsssrr³³ssrr²²ssrreerr³³rr²²rr²²
ssrr³³ssrr²²ssrsrseerr³³rr²²rrrr

rr³³ssrr²²ssrsrsssrr³³rr²²rreeee
rr³³ssrr²²rsrsssrr³³rr² ² rree◦◦
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Embedding of a group into a structure with P Embedding of a group into a structure with P = = NP NP 

1.1. A A ∈∈ NPNPD D (2,4) (2,4) 

2.2. A A ∉∉ PPD D (2,4) (2,4) 

sincesince
s s ∈∈ A A 

rr²² ∉∉ AA

and and 

order(order(ss) = order() = order(rr²²) = 2) = 2



PPD D (2,4)  (2,4)  ≠≠ NPNPD D (2,4) (2,4) 
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A A = {= {x x || ∃∃y y ((y y ◦◦ xx≠≠ xx ◦◦ yy)} = {)} = {rr,, rr³³,, ss,, rsrs,, rr²²ss,, rr³³ss}}

1.1. A A ∈∈ NPNPD D (2,4) (2,4) 

2.2. A A ∉∉ PPD D (2,4) (2,4) 

sincesince
s s ∈∈ A A 

rr²² ∉∉ AA

and and 

order(order(ss) = order() = order(rr²²) = 2) = 2
eerrrr²²rr³³ssrsrsrr²²ssrr³³ssrr³³ss
rr³³eerrrr²²rr³³ssssrsrsrr²²ssrr²²ss
rr²²rr³³eerrrr²²ssrr³³ssssrsrsrsrs
rrrr²²rr³³eersrsrr²²ssrr³³ssssss

rr²²ssrsrsssrr³³ssrr²²rreerr³³rr³³
rsrsssrr³³ssrr²²ssrreerr³³rr²²rr²²
ssrr³³ssrr²²ssrsrseerr³³rr²²rrrr

rr³³ssrr²²ssrsrsssrr³³rr²²rreeee
rr³³ssrr²²rsrsssrr³³rr² ² rree◦◦

The uniform model The uniform model of of computationcomputation
A finite group with  P A finite group with  P ≠≠ NPNP

Groups and oracles with  PGroups and oracles with  PAA = NP= NPAA

Groups and oracles with PGroups and oracles with PAA ≠≠ DNPDNPAA or DNPor DNPAA ≠≠ NPNPAA

Embedding of a group into a structure with P Embedding of a group into a structure with P = = NP NP 



Oracle query:Oracle query:

ll:  :  if if ((ZZ11,,……, , ZZII11 )) ∈∈ A  A  then then gotogoto ll1 1 else else gotogoto ll2 2 ;;

The length can be computed by The length can be computed by II11≔≔ 1;   1;   II11≔≔ II11+1; +1; ……..

A A ⊆⊆ GG∞∞ = = ∪∪n n ≥≥11GG nn

We will define oracles such thatWe will define oracles such that

DNPDNPGG
OO =  =  NPNPGG

OO and and DNPDNPGG ≠≠ NPNPG            G            (e.g. for (e.g. for G G = = ((ℤℤ ; 0; 0 ; +; + ; ; ==) ) ))

DNPDNPḠḠ
QQ ≠≠ NPNPḠḠ

QQ and and DNPDNPḠḠ =  =  NPNPḠḠ (e.g. for (e.g. for ḠḠ = = ((ℝℝ ; ; ℝℝ ; + ;  ; + ;  ==) ) ))

(cp. also Baker, Gill, and (cp. also Baker, Gill, and SolovaySolovay; Emerson; ... for Turing machines... ); Emerson; ... for Turing machines... )

Oracle machinesOracle machines

Christine Christine GaßnerGaßner gassnerc@unigassnerc@uni--greifswald.degreifswald.de

The uniform model The uniform model of of computationcomputation
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A universal oracle for A universal oracle for ḠḠ = = ((GG; ; GG; ; ◦◦; ; =) =) withwith aa, , bb ∈∈ G G ::

OO ==OOḠḠ = {(= {(xx, , CodeCode((MM), ), ee,,……, , ee) ) ∈∈ GG∞∞ | | CodeCode((MM) ) ∈∈ {{aa, , bb}}∞∞
t t 

&& MM is an is an NPNPḠḠ
OO--machinemachine

&   M&   M((xx)) ↓↓t t } } 

MM accepts input accepts input x =x = ((xx11 ,,……, , xxnn) ) ∈∈ GG∞∞ withinwithin tt stepssteps

PropositionProposition:: PPḠḠ
OO =  =  DNPDNPḠḠ

OO =  =  NPNPḠḠ
OO

(with parameters).(with parameters).
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An oracleAn oracle O  O  with with 

PPḠḠ
OO

== NPNPḠḠ
OO

The uniform model The uniform model of of computationcomputation
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Groups and oracles with  PGroups and oracles with  PAA = NP= NPAA

Groups and oracles with PGroups and oracles with PAA ≠≠ DNPDNPAA or DNPor DNPAA ≠≠ NPNPAA

Embedding of a group into a structure with P Embedding of a group into a structure with P = = NP NP 



OO ==OOGG = {(= {(xx, , CodeCode((MM), ), ee,,……, , ee) ) ∈∈ GG∞∞ | | CodeCode((MM) ) ∈∈ {{aa, , bb}}∞∞

&& MM is an  is an  NPNPGG
OO--machinemachine

&   M&   M((xx)) ↓↓t t } } 

AA ⊆⊆ {{ee}}∞∞ cannot be reduced tocannot be reduced to OO
if if CodeCode((MMAA ) ) ∈∈ {{aa, , bb}}∞∞ cannot be computed from the input.cannot be computed from the input.

O O is not is not NPNPGG
OO--complete      complete      (without parameters).(without parameters).
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An oracleAn oracle O  O  with with 

PPGG
OO

== NPNPGG
OO ??

The uniform model The uniform model of of computationcomputation
A finite group with  P A finite group with  P ≠≠ NPNP

Groups and oracles with  PGroups and oracles with  PAA = NP= NPAA

Groups and oracles with PGroups and oracles with PAA ≠≠ DNPDNPAA or DNPor DNPAA ≠≠ NPNPAA

Embedding of a group into a structure with P Embedding of a group into a structure with P = = NP NP 



A universal oracle for A universal oracle for GG:   :   

OO ==OOGG = = ∪∪a,ba,b ∈∈ GG {({(xx, , CodeCode((MM), ), aa,,……, , aa) ) ∈∈ GG∞∞ | | CodeCode((MM) ) ∈∈ {{a, ba, b}}∞∞

&& MM is an  is an  NPNPGG
OO--machinemachine

&   M&   M((xx)) ↓↓t t }}

∪∪ {{ee ∈∈ {{ee}}∞∞ | | e e is the code of a  is the code of a  ((((ee,,……, , ee), ), MM,, tt)  )  
xx

&    M&    M((xx)) ↓↓t t }}

⇒⇒ AA ⊆⊆{{ee}}∞∞ can be reduced only to can be reduced only to OOGG∩∩ {{ee}}∞∞ ..

PropositionProposition:: PPGG
OO =  =  DNPDNPGG

OO =  =  NPNPGG
OO (without parameters).(without parameters).
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An oracleAn oracle O  O  with with 

PPGG
OO

== NPNPGG
OO

The uniform model The uniform model of of computationcomputation
A finite group with  P A finite group with  P ≠≠ NPNP

Groups and oracles with  PGroups and oracles with  PAA = NP= NPAA

Groups and oracles with PGroups and oracles with PAA ≠≠ DNPDNPAA or DNPor DNPAA ≠≠ NPNPAA

Embedding of a group into a structure with P Embedding of a group into a structure with P = = NP NP 



An oracleAn oracle QQ with with 

DNPDNPGG
QQ ≠≠ NPNPGG

QQ

For For any oracle any oracle B  B  ⊆⊆ GG∞∞ ,,

letlet NNii
BB be the be the DNPDNPGG

BB--machinemachine
executing  executing  ppii((nn)) instructions of program instructions of program PPi  i  for anyfor any x x ∈∈ GG nn..

VV 0 0 ==∅∅, , mm0 0 == 0. 0. 
StageStage i i ≥≥ 1:    1:    LetLet nnii >> mmi i –– 11 ,, mmi i == 22nni i ,   ,   ppii((nnii ) + ) + nnii < < mmii..
WWii = = ∪∪j < i j < i VVjj

VVi i = {= {xx ∈∈ GG nnii | | NNii
WWii does not accept does not accept ((ee,..., ,..., ee)) ∈∈ GG nnii

&   &   x x is not queried byis not queried by NNii
WWii onon ((ee,..., ,..., ee)) ∈∈ GG nnii} } 

Q  Q  = = QQG  G  = = ∪∪i i ≥≥ 11WWi                         i                         L L = {= {yy | (| (∃∃ ii≥≥1)( 1)( yy ∈∈ GG nnii &  &  VVi i ≠≠∅∅)})}

Proposition:Proposition: If If G G is infinite, thenis infinite, then DNPDNPGG
QQ ≠≠ NPNPGG

QQ (without parameters)(without parameters) ..
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The uniform model The uniform model of of computationcomputation
A finite group with  P A finite group with  P ≠≠ NPNP
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Embedding of a group into a structure with P Embedding of a group into a structure with P = = NP NP 

We use 

diagonalization

techniques.



An oracleAn oracle QQ withwith

DNPDNPḠḠ
QQ ≠≠ NPNPḠḠ

QQ

If If GG is countableis countable, for , for any oracle any oracle B  B  ⊆⊆ GG∞∞ ,,

letlet NNii
BB be the be the DNPDNPḠḠBB--machinemachine

executing  executing  ppii((nn)) instructions of program instructions of program PPi  i  for anyfor any x x ∈∈ GG nn..

VV 0 0 ==∅∅, , mm0 0 == 0. 0. 
StageStage i i ≥≥ 1:    1:    LetLet nnii >> mmi i –– 11 ,, mmi i == 22nni i ,   ,   ppii((nnii ) + ) + nnii < < mmii..
WWii = = ∪∪j < i j < i VVjj

VVi i = {= {xx ∈∈ GG nnii | | NNii
WWii does not accept does not accept ((ee,..., ,..., ee)) ∈∈ GG nnii

&   &   x x is not queried byis not queried by NNii
WWii onon ((ee,..., ,..., ee)) ∈∈ GG nnii} } 

Q  Q  == QQḠḠ = = ∪∪i i ≥≥ 11WWi                         i                         L L = {= {yy | (| (∃∃ ii≥≥1)( 1)( yy ∈∈ GG nnii &  &  VVi i ≠≠∅∅)})}

Proposition:  Proposition:  If If GG is infinite and countable, thenis infinite and countable, then DNPDNPḠḠ
Q Q ≠≠NPNPḠḠ

QQ (with p.).(with p.).
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An oracleAn oracle QQ withwith

PPḠḠ
QQ ≠≠ DNPDNPḠḠ

QQ

If If GG is countable and |is countable and |GG| | ≥≥ 22, for , for any oracle any oracle B  B  ⊆⊆ GG∞∞ ,,

letlet NNii
BB be the be the PPḠḠBB--machinemachine

executing  executing  ppii((nn)) instructions of program instructions of program PPi  i  for anyfor any x x ∈∈ GG nn..

VV 0 0 ==∅∅, , mm0 0 == 0. 0. 
StageStage i i ≥≥ 1:    1:    LetLet nnii >> mmi i –– 11 ,, mmi i == 22nni i ,   ,   ppii((nnii ) + ) + nnii < < mmii..
WWii = = ∪∪j < i j < i VVjj

VVi i = {= {xx ∈∈ GG nnii | | NNii
WWii does not accept does not accept ((ee,..., ,..., ee)) ∈∈ GG nnii

&   &   x x is not queried byis not queried by NNii
WWii onon ((ee,..., ,..., ee)) ∈∈ GG nnii} } 

Q  Q  == QQḠḠ = = ∪∪i i ≥≥ 11WWi                         i                         L L = {= {yy | (| (∃∃ ii≥≥1)( 1)( yy ∈∈ GG nnii &  &  VVi i ≠≠∅∅)})}

Proposition:   Proposition:   If If GG is countable and |is countable and |GG||≥≥22, then, then PPḠḠ
QQ≠≠ DNPDNPḠḠ

QQ (with p.).(with p.).
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An oracleAn oracle QQ with with 

PPGG
QQ ≠≠ DNPDNPGG

QQ

If  If  aa, , bb ∈∈ GG,  for ,  for any oracle any oracle B  B  ⊆⊆ GG∞∞ ,,

letlet NNii
BB be the be the PPGG

BB--machinemachine
executing  executing  ppii((nn)) instructions of program instructions of program PPi  i  for anyfor any x x ∈∈ GG nn..

VV 0 0 ==∅∅, , mm0 0 == 0. 0. 
StageStage i i ≥≥ 1:    1:    LetLet nnii >> mmi i –– 11 ,, mmi i == 22nni i ,   ,   ppii((nnii ) + ) + nnii + + 22 < < mmii..
WWii = = ∪∪j < i j < i VVjj

VVi i = {= {xx ∈∈ {{aa,, bb}}nnii \\ {{aa}}nnii | | NNii
WWii does not accept does not accept ((aa, , bb,..., ,..., bb)) ∈∈ GG nnii

&   &   x x is not queried byis not queried by NNii
WWii onon ((aa, , bb,..., ,..., bb)) ∈∈ GG nnii} } 

Q  Q  = = QQG  G  = = ∪∪i i ≥≥ 11WWi                         i                         L L = {= {yy | (| (∃∃ ii≥≥1)( 1)( yy ∈∈ {{aa,, bb}}nnii \\ {{aa}}nnii &  &  VVi i ≠≠∅∅)})}

Proposition:Proposition: If If aa, , bb∈∈GG, then, then PPGG
QQ ≠≠ DNPDNPGG

QQ (without parameters)(without parameters) ..
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If G is not countableIf G is not countable, for suitable codes, for suitable codes uu∈∈UU ⊆⊆GG∞∞ and any oracle and any oracle B  B  ⊆⊆ GG∞∞,,

letlet NNuu
BB be the be the DNPDNPḠḠBB--machinemachine
executing  executing  ppuu((nn)) instructions of program instructions of program PPuu for anyfor any x x ∈∈ GG nn..

VV 0 0 ==∅∅. . 
StageStage i i ≥≥ 1: 1: 
KK ii = {= {u u ∈∈U  U  | | ((∀∀jj≥≥ ii)()(∀∀B  B  ⊆⊆ GG∞∞ ))

((NNuu
BB does not compute or use the valuedoes not compute or use the value aa j j onon uu))} } 

WWii ==∪∪k < i k < i VVkk

VV i i = {(= {(aa i + i + 11,, uu) ) | | uu ∈∈ KKii && NNuu
WWii does not accept does not accept uu} } 

Q  Q  = = QQḠḠ = = ∪∪i i ≥≥ 11WWi                         i                         L L = { = { yy | (| (∃∃ nn≥≥2)2) ((((aann,, yy) ) ∈∈ QQḠḠ )})}

Proposition:Proposition:
If If GG contains contains aa withwith order(order(aa) = ) = ∞∞, then, then DNPDNPḠḠ

QQ ≠≠ NPNPḠḠ
Q Q 

(with parameters)(with parameters) ..

An oracleAn oracle QQ with with 

DNPDNPḠḠ
QQ ≠≠ NPNPḠḠ

QQ
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GG is not countable and is not countable and GG is not is not abelianabelian..

??

(If(If G G is infinite and is infinite and abelianabelian, then , then PPḠḠ
∅∅ ≠≠ DNPDNPḠḠ

∅∅.).)

Is there Is there an oracle with an oracle with PPḠḠ
Q Q ≠≠ DNPDNPḠḠ

QQ (if parameters are allowed)(if parameters are allowed) ??

An oracleAn oracle QQ withwith

PPḠḠ
QQ ≠≠ DNPDNPḠḠ

QQ ??
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Theorem:Theorem: ((GG; ; ee; ; ◦◦; =)  ; =)  can be embedded intocan be embedded into

ḠḠRR* =  (* =  (G*G*;  ;  A A ∪∪ {{εε}}; ; ◦◦,, addadd , , subsubll , , subsubrr ; = , ; = , RR))
such thatsuch that PPḠḠRR** =  =  NPNPḠḠRR* * ,   if ,   if {{gg11, , gg22} } ⊆⊆ AA ⊆⊆ GG. . ((CiECiE 2006 / 2007)2006 / 2007)

Disadvantage:Disadvantage:
The axioms of groups are satisfied only on The axioms of groups are satisfied only on G.G.
A = A = {{ee} } is not sufficientis not sufficient. . 

⇨⇨ A more natural extension A more natural extension ΣΣ:  derived:  derived from binary (searching) from binary (searching) treestrees

withwith PPΣΣ =  =  DDNPNPΣΣ wherewhere the the test of identity is possibletest of identity is possible,,

withwith PPΣ Σ =  =  NPNPΣΣ wherewhere the the identity is decidableidentity is decidable..
cp. also  C. cp. also  C. GaGaßßnerner: : ÜÜber die Konstruktion von Strukturen endlicher Signaturber die Konstruktion von Strukturen endlicher Signatur mitmit P = NP. P = NP. 
Preprint 1/2004, Preprint 1/2004, PreprintPreprint--ReiheReihe Mathematik, GreifswaldMathematik, Greifswald..
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Embedding of a group intoEmbedding of a group into

a structure with P = NPa structure with P = NP
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Theorem:Theorem: ((GG; ; ee; ; ◦◦; =)  ; =)  can be embedded into can be embedded into 

GGRR
treetree =  (=  ( tree(tree(GG)) ;  nil; ;  nil; ◦◦,, concatconcat, root, , root, subsubll , , subsubrr ; = , ; = , RR))

satisfying the axioms of groups andsatisfying the axioms of groups and PPGGRR
treetree =  =  DDNPNPGGRR

treetree . . 
Example:Example: ccii = = aaii ++ bbii

+                            =+                            =

concatconcat((aa, , tt11, , tt22) ) =               + =               + nilnil ==
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a

t1 t2
t t

RR is satisfied by the codesis satisfied by the codes

of the elements ofof the elements of

a universal a universal DNPDNP--oracle.oracle.

a2 a3

a4 a6

a5

a1 b1

b2 b3

-a4 b6
b7

b8-a5 b9

c1

c2 c3

c6
b7

b8 b9

Embedding of a group intoEmbedding of a group into

a structure with P = DNPa structure with P = DNP



We know We know 
groups groups GG ((e.g. e.g. ((ℤℤ ; 0; 0 ; +; + ; ; ==) ) andand ((ℝℝ ; ; ℝℝ ; + ;  ; + ;  ==),  ),  respectivelyrespectively) with) with

PPGG
OO =  =  DDNPNPGG

OO =  =  NPNPGG
OO

&& PPGG≠≠ DDNPNPGG≠≠ NPNPGG

PPGG
O O =  =  DDNPNPGG

OO
&& DNPDNPGG

QQ ≠≠ NPNPGG
QQ

&& PPGG≠≠ DNPDNPGG = = NPNPGG

structures structures Σ (Σ (e.g. trees over a group with identity) e.g. trees over a group with identity) satisfying the axioms of groupssatisfying the axioms of groups withwith

PPΣΣ
OO ≠≠ DDNPNPΣΣ

OO
&& DNPDNPΣΣ

QQ = = NPNPΣΣ
Q      Q      

&& PPΣ Σ == DDNPNPΣΣ ≠≠ NPNPΣΣ

structures structures ΣΣ ((e.g. e.g. ((ℤℤ**; ; ℤℤ ∪∪{{εε}}; ; ++,, addadd , , subsubll , , subsubrr ; = , ; = , RR))) with) with

PPΣΣ
OO ≠≠ DDNPNPΣΣ

OO
&& DNPDNPΣΣ

QQ ≠≠ NPNPΣΣ
QQ

&& PPΣ Σ = = DDNPNPΣ  Σ  = = NPNPΣΣ

⇨⇨ oracles are not very helpful for solvingoracles are not very helpful for solving P P ≟≟ NP NP problems.problems.

SummarySummary
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Thank you for your attention!Thank you for your attention!

Christine Christine GaßnerGaßner
GreifswaldGreifswald..
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Michael Michael KläreKläre,,
VolkmarVolkmar LiebscherLiebscher, , 
Rainer Rainer SchimmingSchimming..
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