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Operators for BSS RAM’s

(Kleene’s Operator, Moschovakis’ Operator, Det. and Nondet. Moschovakis Operators)

|} Stephen C. Kleene
Recursion Theory based on recursion and p-operator
("Kleene’s Operator” for the Peano structure, deterministic)

|l Yiannis N. Moschovakis
Generalized Recursion Theory based on recursion and v-operator
("Moschovakis’ Operator” for several structures, nondeterministic)

|l GaBner
v-operators for BSS RAM’s over arbitrary mathematical structures
(nondeterministic "Moschovakis Operators™)

4

Deterministic "Moschovakis Operators” for some structures:
Vmin-operators for BSS RAM’s (similar to Kleene’s p-operator),
vips-operators for BSS RAM’s, vyjy-operators for BSS RAM’s, . ..

Y

One goal is to investigate the power of Vpin, Ving, - - -



Computation by BSS RAM’s over Algebraic Structures

(The Machines and the Allowed Instructions)

Computationover A= ( Ua ; Ca :fis-. o fuiRi, .. Ry, =).
~ O~ e —

universe constants  gperations relations
Z| Z] | Z] Zs | ... Registers for elements in U 4
| L] L] L] L] .| Ly | Registers for indices in N

e Computation instructions:
t: Zp = fil(Z, ..., Z;,,) (eg9.l: Z =27, +7Z,)
0: Z; = d (dr € Cqp C Uy
e Branching instructions:
£: if Z; = Z; then goto ¢; else goto />
2 if Ri(Z;,, . .., Z;, ) then goto {; else goto £,
e Copy instructions:

l: Z[j = Zlk

e Index instructions:
1= 1
C: =1+ 1

£: if I; = I} then goto /; else goto ¢



Uniform Computation over Algebraic Structures

(Input and Output Procedures)

@ U 4 is the universe of A

o Input and output space: U =qr Ui, Ul

o Input of X = (xi,...,x,) € UF:
X1 X2 X3 X4 Xn Xn Xn
L VN ! 4 I
’ Z \ 7z \ Z3 \ Zy \ \ Zn \ Zny1 \ Znt2 \
n 1 1 1 1
{ I {
0] b B[ 4] | Iy |




[v-]Semi-Decidability

(The Definitions)

P C UX is a decision problem.

P C U is semi-decidable if there is a BSS RAM M such that

Xc P < M halts on x.

P C UY is v-semi-decidable if there is a v-oracle BSS RAM M
such that

Xe€ P< M haltson x.

v-oracle BSS RAM M = BSS RAM M using operator v



u-Oracle BSS RAM'’s with p-Operators for N C U4

(Kleene’s Operator)

o A fixed, U4 contains an effectively enumerable set denoted by N,
a=1,b=0.
f: U — {a, b} computable over A.

e Kleene’s operator for A:

plf](x1y ey xn)
=4t min{k € N | f(x1,...,x0,k) =1 & f(x1,...,x4,0) | forl <k}

\ 3
0 Z = plf)(Zy, ..., Zy), ifl; =n

no minimum =- the machine loops forever

Properties

N = Uy. = Any p-semi-decidable problem is semi-decidable over A.




v-Oracle BSS RAM’s for Structures with ¢ and »

(Moschovakis’ Operator)

o Ais fixed. a, b are constants of A.
f:UY — {a, b} computable over A.

e Moschovakis’ operator for A:

vifl(x1, ..oy xn)
—df {yl S U.A | (El(y277ym) S Uilo)(f(xlaﬂ'7-xn7y17"'7ym) :a)}
——
yeu®
21 Zn
{ {

NONDETERMINISTIC!  ¢: Z := v[f|(Z,...,Z;)

vifl(zi,---,zn) # 0 = Zj contains some z € v[f](z1, . . ., Zn)-
v[f](z1,-..,22) = 0 = no stop (the machine loops forever).



Nondeterministic v-Oracle BSS RAM’s

(Guessing Solutions with Moschovakis’ Operator)

® (21, -y Zntm) L w € {a, b} computable over A.

e Nondeterministic computation with Moschovakis’ operator:

X| o Xy X1 Xpo Vi
1 \ 1 Lol

ZII'H = V[ﬂ(zl, e ,Z[l); Z]l+2 = V[f}(zl, e 7ZI17211+1)

\ 3

Y1 Y2

= f(X1, e Xy V1o e ey Ym) =@



v-Oracle BSS RAM’s versus v,,-Oracle BSS RAM’s

(Motivation for Deterministic Uniform Operators: Computable Choice Functions?)

1 if x; # x; forall i,j with i # j,
) = .
0 otherwise.

2 2 2 I
\ + } \
C: Z=vifl(Zy,...,2y), C: Zi = v,lfl(Zi,. ... Zn)

) 2

(1) We getaz € N\ {zy,...,z,} forany nand (zi,...,2,) with z; # zi1.
(2)Wegetaz e N\ {z1,...,zn} for (z1,...,2n) € U} With z; # zj44.

Properties

(1) For the correspondence (zi, . ..,z,) — N\ {z1,...,2,} we do not
have a computable choice function.

(2) For the correspondence (21, ...,2m) — N\ {z1,...,2m} we have a

choice function which can be computed by means of m + 1 constants.




vmin-Oracle BSS RAM’s versus Simple BSS RAM’s

(Motivation for Deterministic Uniform Operator vimin)

o A= (NxN;N x {0};s; <jexi) with s(n,m) = (n,m+1). =
U 4 is not enumerable over A. <.; is a decidable well-ordering.
a = (1,0),b = (0,0) are constants of .A.

o Moschovakis operator vyn:

Vmin[f](x]; ce 7xn) =df min{yl €Uy |
(H(yz,. . 'aYm) € Uleo)(f(xla" <Xy Y1y - - vym) = a)}
e ——

yeuy

o f((n1,m1), (n2, m2)) = { =1 m)) = (,0)

1 otherwise.

Properties

f is computable by a BSS RAM over A.
g is not computable by a BSS RAM over A,

but it is computable by a Vpin-oracle BSS RAM over A.
N x {0} is not semi-decidable by a BSS RAM over A,

but it is Vmin-semi-decidable by a vmi,-oracle BSS RAM over A.




