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= A goal: investigate the power of
@ Vmin Vinf> Ylims - - - (With P. E. V. Vizcaino)
@ Ul ebess Vs,s Veounts - - -



Computation by BSS RAM’s over Algebraic Structures

(The Machines and the Allowed Instructions)

Computationover A= ( Ua ; Ca :fis-. o fuiRi, .. Ry, =).
~ O~ e —

universe constants  gperations relations
Z| Z] | Z] Zs | ... Registers for elements in U 4
| L] L] L] L] .| Ly | Registers for indices in N

e Computation instructions:
t: Zp = fil(Z, ..., Z;,,) (eg9.l: Z =27, +7Z,)
0: Z; = d (dr € Cqp C Uy
e Branching instructions:
£: if Z; = Z; then goto ¢; else goto />
2 if Ri(Z;,, . .., Z;, ) then goto {; else goto £,
e Copy instructions:

l: Z[j = Zlk

e Index instructions:
1= 1
C: =1+ 1

£: if I; = I} then goto /; else goto ¢



Uniform Computation over Algebraic Structures

(Input and Output Procedures of Machines in M 4)

@ U 4 is the universe of A

o Input and output space: U =qr Ui, Ul

o Input of X = (xi,...,x,) € UF:
X1 X2 X3 X4 Xn Xn Xn
L VN ! 4 I
’ Z \ 7z \ Z3 \ Zy \ \ Zn \ Zny1 \ Znt2 \
n 1 1 1 1
{ I {
0] b B[ 4] | Iy |




[v-]Semi-Decidability

(The Definitions)

P C UX is a decision problem.

P C U is semi-decidable if there is a BSS RAM M such that

Xc P < M halts on x.

P C UY is v-semi-decidable if there is a v-oracle BSS RAM M
such that

Xe€ P< M haltson x.

v-oracle BSS RAM M = BSS RAM M using operator v



u-Oracle BSS RAM’s with p-Operators for N C U4

(Kleene’s Operator)

A fixed, U 4 contains an effectively enumerable set denoted by N,
a=1,b=0.
f:UX — {a, b} partial function, computable over A (orf : UX — UY).

Definition (Kleene’s operator for A)

w1ty - oy xn)
:dfmin{k eN |f(X1,...,Xn,k) = &f(xl,...,xn,l) 4 forl < k}

Definition (Oracle Instruction with Kleene’s operator)

3 1
0 Zp = plfl(Z, ..., Zy), ifl; =n

no minimum =- the machine loops forever

Properties

N = Uy. = Any p-semi-decidable problem is semi-decidable over A.




v-Oracle BSS RAM’s for Structures with ¢ and »

(Moschovakis’ Operator)

A is fixed. a, b are constants of A.
f: U — {a, b} partial function, computable over A.

Definition (Moschovakis’ operator for A)

vifl(x1, ..oy xn)
—df {yl € U.A | (El(y27 aym) € Uio)(f(xla" <3 Xny Y1, Y25 - - 7ym) = a)}
—_—

yeup

Definition (Oracle instruction with Moschovakis’ operator)

Zl Zl’l
X3 X3
NONDETERMINISTIC!  ¢: Z; := v[f|(Zi,...,Z1)
vifl(zi,...,za) #0 = Zjcontains some z e v{f](z1,. .., 2).
v[fl(z1,.--,z2) =0 = no stop (the machine loops forever).




Nondeterministic v-Oracle BSS RAM’s

(Guessing Solutions with Moschovakis’ Operator)

f: U — {a, b} partial function, computable over A.

(Z1s- s Zntm) £ w € {a, b} computable over A.

Nondeterministic computation with Moschovakis’ operator:

X1t Xp X1t Xp Y1
+ + + oo
ZjZ: ll[f](Z],...,Z]l);...ZjZ: y[f](Zl,...,le_l,le)
+ +
1 Y2

:>f(x17'-'7xn7y17~--7ym) =a




v-Oracle BSS RAM’s versus v,,-Oracle BSS RAM’s

(Motivation for Deterministic Uniform Operators: Computable Choice Functions?)

1 ifx; # x; for all i,j with i # j,
0 otherwise.

A=(N;N;;=). flxg,...,x) =

Example (Further operators)

2 2 2 Zm
\ i 1 3
¢ Z =vifl(Zy,...,7Zy), 0 Zi = vfl(Zh,. .., Zn)

(1) 2
(1)Wegetaze N\ {zi,...,z,} forany n and (zy,. .., z,) With z; # z; 4.
(2) Wegetaze N\ {zi,...,zn} fOr (z1,...,22) € U3 With z; # Zipk. 21

(1) For the (v-computable) correspondence (z1,. . .,z,) = N\{z1,..., 2.}
we have not a computable choice function.
(2) For the correspondence (zi,...,zm) — N\ {z1,...,2m} we have a

choice function which can be computed by means of m + 1 constants.

N




vmin-Oracle BSS RAM’s versus Simple BSS RAM’s

(Motivation for Deterministic Operator vmin)

A= (NxN;N x {0}; 55 <iexi)»

= U4 is not enumerable.

s(nym) = (nym+1).
<lexi 18 a decidable well-ordering on U 4.

Example (A deterministic operator)

Vinin[f] (X1, + « X)) =qf minv[f](x1, ..., x,)
= DETERMINISTIC! £ Z := vanlf)(Z1,. .., Z1,)

a =4 (1,0) if n; = ny,
f((n1,my), (n2,ma)) =ar (1,0) -
0 otherwise.

g((”? m)) —df min{(n/7 m/) ‘f((nv m)? (I’l/, m/)) = a} = (n7 0)
Properties

f is computable by a BSS RAM over A.
g is not computable by a BSS RAM over A,

but it is computable by a Vmin-oracle BSS RAM over A.
N x {0} is not semi-decidable by a BSS RAM over A,

but it is Vmin-semi-decidable by a vmin-oracle BSS RAM over A.




o-Algebra and Topology
(The Definitions)

Definition (o-Algebra)

A C P(Q) is a o-algebra over (2 if
o N ek,
@A BcA=AANBc*,
o |JZ,Ai € Afor any sequence Ap,Aj,... € 2.

Definition (Topology)

T C P(Q) is a topology on  if
e N.0eT,
@A BeT =ANBEeT,
o Ji;Ai € T for any family (A;)ie; with A; € T

Definition (Borel sets)
The o-Algebra o(7) generated by T is a o-Algebra of Borel sets.




"The Arithmetical Hierarchy” in the BSS model

Computation over R = (R; R; -, +, —; <) and Complete Problems (P. Cucker)

A G
AYP
Suslin’s proj. hier. = EzND < > HgD 5 TOTALg, TOT. AL%D
set of Borel sets AIZ\ID
(CR™) A b
FINg € %9 ¢ S
A3
mPo= = < SOm = mP 5 N

FINg = {code(M) | (3n € N)(Vx € RE)(M(Z) 1)}
INJg = {code(M) | (V1,5 € R®)M@E) L= M@) L= 5 =)}
TOTALY™ = {code(M) | M € MEP! & (v € R®)(M(X) 1)}




Measure

(The Definitions and Examples)

Definition (Measure)

A o-algebra, e, p:2A—[0,00].
p is ameasure if p(J=, Ai) = Y2, u(A;) for pairw. disjoint A; € .

Example

 uncountable,
A={A CQ|AorA°is countable},

0 ifAe & Aiscountable,
Heoun(4) =at { 1 if Ac2 & A°is countable.

Example
Q infinite,
A={ACQ|AorAisfinite},

) — 0 ifAecA & Aisfinite,
Hin(A) =at )y it A c o & AC s finite.




Measure

(The Definitions and Examples)

Definition (Measure)

A o-algebra, e, p:2A—|0,00].
w is ameasure if u(lU;2, Ai) = > i, u(A;) for pairw. disjoint A; € .

Example (Counting measure)

(4) = Al FACQ & |A| < oo,
M 4) =4t o i ACQ & JA| = oo

Example (Dirac measure)

_ 1 ifpeA,
%(A4) =ar { 0 otherwise (€.

Lebesgue measure, Borel measure, Hausdorff measure




Measure Operators for BSS RAM’s if U4 D {1,0}

(VJ,H Vcounts Vfing- - - )

Ais fixed. {1,0} CU4 = Q.
f:UX — {1,0} computable over A.

vifl(x1, ... xn) =
D1 eUa|l B2, ym) €U (X1, s X0 y1, Y2, -+, 9m) = 1)}

Definition (Oracle instruction with measure operator vs,)

vs, IF1(x1, -+ - s Xn) =at Op(V[f](x1, ..., Xn))

DETERMINISTIC! ¢ Z;:=v5 [f|(Z1,.-.,Z1,)

Definition (Oracle instruction with measure operator vcount)
2 uncountable, 24 ={A C Q| A orA°is countable}.

we(A), ifA=v[fl(x1,...,x,) €2,
Veounf](x1, - xn) :df{ lTLCO () otherwis[];].( 1 )

DETERMINISTIC!  ¢: Z; := veoundf)(Z1, - ., Z1,)




Measure Operators for BSS RAM’s if U4 O N,R*

(Vnumb, I/IEi]beS)

Aisfixed, X,ye Uy, f:UF — {1,0} computable over A.

IIfI(X) =ar {¥ € U [ f(X.5) = 1}, () = vIf(®)
(%) =ae (W € UY | (35 € U)(f(Z.w.5) = 1)} (Projection on U%)

Definition (Oracle instruction with measure operator Z,ymp)
A=PUR), NCUy.
. o |A| if A=7[f](¥) and |A] < oo,
Voumb [f](%) =at { +  otherwise.
DETERMINISTIC!  ¢: Z; := Upmo[f](Z1,- -, Z1,)

Definition (Oracle instruction with measure operator 7 )

Lebes
A="PUY), Rt =RnN0,00[ C Ug.
A JAE) =ar W)

DETERMINISTIC!  ¢: Z:= 7% [fl(Z1,....Z1,)




Measure Operators for BSS RAM’s if U4 © {1,0},N

(E)

Aisfixed. NCU4=Q, peN. f:U¥} — {1,0} computable.
If1(x) ={ye U | f(x.5) =1}

Mz =g {m | (3 € UR)(¥ € 7[f](¥))}

Definition (Oracle instruction with measure operators for dim.)
{1,0} CU4and N C Uy, resp.

v [f1(X) =ar v, (Mz)
v [f1(X) =ar viin(My)

(
gcl)rl?nt J(X) =dt Veount (M)
]

Slllr;b ( ) —=df Vnumb(M)?)

DETERMINISTIC!  ¢: Z;:= v [f](Zy,...,Z})




Complete Problems in a First Hierarchy

For BSS RAM’s — Computation over Several Structures

For A:
@ a finite number of operations & relations, all elements are constants,
@ contains an infinite set effectively enumerable over A: N C U 4.

FINy € X9 Y > TOTALy, INCLy

7NN\
NSNS

HY Ha € XV

Example (Complete problems, cf. C. GaBner)

FINy = {code(M) € U¥ | |[Hm NN*®| < oo} (Haq = halting set)
TOTALy = {code(M) € U | (V¥ € N®°)(M(X) |)}
INCLy {(code(M) .code(N)) € UY | (Ham NN>°) C (Hy NN>)}

>l

HEZ"“] Halting problems for BSS RAM'’s over A




Decision of the Halting Problem by Measure Oracles

H.A — Vs, H,A — Vnumb, - - -

H4 = {(¥.code(M)) | M(X) |}, finite many operations & relations,
N C Uy, {code(M) | M is machine} prefix-free and decidable.

Example (Decidable halting problems

A )= {((x1,0,...,%_1,0,x,, 1) .code(M) . 1.k) | M(Z) L=k} is decidable.
H(j) = {((x1,0, ... ,%,_1,0,x,,1) . code(M) . k) | M(¥) |=*} is decidable.
HY = {((x1,0, ... ,%1,0,x,, 1) . code(M) . k) | M(¥) 1=} is decidable.

(%. code(M))

Example (Decision of H 4)

Input: (¥.code(M)); Output: v, [XHS)]«)_C’ code(M))).
Input: (¥.code(M)); Output: Vnumb[XH(z)](<X code(M))).
Input: (¥.code(M));  Output: VS:ITnb[XH(z) ((X.code(M))).

Example (Decision of H 4 for U4 = N)
Input: (xX.code(M)); Output: uﬁn[XH(j)](@.code(M»).




Computation of Measure Operators by H 4
vy, —Ha

A= (N;N;s,...;=,...), finite many operations and relations,
s(n)=n+1.
My computes f.

Example (Semi-decision whether y € v[f](x))

Input y;
fork=1,2,...
simulate the first k steps of My on
{x} <o x {} x {y} x{0,...,k} x---x{0,... .k}

eEN  (I<k)
until

an output of My is reached and this output is 1. (Then halt.)

Example (Computation of vs,[f](X))

Input: ¥;  Output: X& 40 {(p. code(A] 1))}~




Computation of Measure Operators by FINy &. ..

Vsin — FINy, TOTALYy

A= (N;N;s,...;=,...), finite many operations and relations,
s(n) =n+1. M;j computes f.

Example (Semi-decision whether (y + m) € v[f](X))

simulate the first k steps of My on
{m} <o x o} x{y+m} x{0,....k} x--- x{0,...,k}

eN'  (I<k)
until

an output of My is reached and this output is 1. (Then halt.)

Example (Computation of v4,[f](X))

Input: x;
if code(N};) € FINy then Output: 0;
else form = 1,2,... do if code(N};) € TOTALy then Output: 1.




Computation of Measure Operators by FINy & .. .

Vnumb — FINH.. TOTALN (and H .A)

A= (N;N;s,...;=,...), finite many operations and relations,
s(n) = n+ 1. My computes f.

Example (Useful for deciding whether (N + m) N v[f](X) = 0)

Input (y, k);
simulate the first k steps of M, on

{x} <o x{x} x{y+m} x{0,....k} x---x{0,...,k}

eN  (I<k)
if the output of M, is reached and the output is 1 then loop;
else halt.

Example (Computation of vyumb[f1(X))

Input: (xp,...,x,)

if code(N} ) € FINy then

form=0,1,2,...doif code(lC’” ) € TOTALy then

{s:=0;forw= 0, 1,...,mdo |fJ\ffx( ) | then s:= s+1; Output: s.}




Decision of Solubility of Systems of Equations

by Means of vqumb and VLebes(q ;> Peount OF V5, in Constant Time
A=RR+, 00, 00:=)  (ci € R, pc(x) =g cx).
1 ifw=(n,m,ai1,...,a0mb1,...,0n)
fw.%) = &xX=(x1,....x) & (Vi <m) (X1, aijxi = by),
0 otherwise.
= f computable over A
LinEq = {w | (IX)(f(w.X)=1)} £ P4 (cf. K. Meer, P. Koiran)
Example (Decision whether w € LinEq with measure operators)
For input w three possibilities:
o if w5 [f](W) =1 thenOutput1; else Output sgn(vnums(f](W));

¥es = My my3(F ({13)) is {1} or R N0 = mymis(F ({11) = {a} (a # 1)

@ if Veount[f](W) =1 then Output 1; else Output sgn(Vpump[f](W));

yes = R\ muy i3 ({13)) countable, thus empty o = mymya(f~ ({13) = {a}

o if Uiebesy,, [f1(¥) # O then Output 1; else Output sgn(vnumb [f](W));

¥es = Ty mis(F ({13) N [0, 1] = [0, 1] o = mpnt3 (' (1)) = {a}




Decision of Solubility of Systems of Inequalities ?

Semi-Decision by Means of v4.ebes and yumb

A= (R;R;+, —; <)
1 ifw=(nmai,...,aumb1,...,bm)
fw.xX) = &xX=(x1,....x) & (Vi <m) (X, aijxi <bj),
0 otherwise.
= f computable over A

Linlneq = {w | (IX)(f(w.X) = 1)}

Example (Semi-decision whether w € Linlneq with measure

operators)
Input: w ;
fors:=1,2,...do
if Uepes_, , [f](W) # O then Output 15 yes =mpimss( ! (0110 1 =53] # 0
else if sgn(Vhumb [fi (7R [ymsmiscl—ss] 1] (W) = 1 then Output 1;

Yes' = T ((11) 0 [=5,5] = {a} |




Decision of Solubility of Systems of Inequalities

Decision by Means of vs, Or Vhumb

1 ifw=(n,m,ai1,...,a0mb1,...,0n)
fw.%) = &xX=(x1,....x) & (Vi <m) (X1, aijxi <bj),
0 otherwise.
= f computable over A

Linlneq = {w | (IX € R®)(f(w.X) = 1)} € P4?
Linlneq € DNP 4 (cf. P. Koiran)

= There are computable g and p with
Linlneq = {w | (3% € {0, 11?I")(g(w.%) = 1)}

Example (Decision whether w € Linlneq with measure operators)

Input: w; if s [g](W) =1 or wvs[g](w) =1 then Output 1;
else Output 0; MO = T smps(s~ ({11)) = 0

Input: w ; Output sgn(Vnpumblg](W)); SiNCe Ty ms3 (s~ ({0,11)) C {0, 1}




BSS RAM’s with Operators for Several Measures

Thank you very much for your attention!
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