
Effective Descriptions of Mathematical Objects
and the BSS-RAM Model

Christine Gaßner

Hiddensee 2017



Effective Descriptions and the BSS-RAM Model
(History and Outline)

⇓ Stephen C. Kleene & Yiannis N. Moschovakis & Klaus Weihrauch etc.
Recursion Theory based on recursion and µ-operator or ν-operator
Type-2 Turing machines
⇓ Gaßner
ν-Operator, νlim-Operator, and Type-2 BSS-RAM’s over structures A

⇓
Computable multi-valued correspondences and limits overA
⇓
Questions

Which machines can simulate Type-2 Turing machines?
Is it possible to compute representations?

⇓
Outline

BSS RAM’s
Type-2 BSS-RAM’s
The simulation of Type-2 Turing machines
Representations for the open semi-decidable sets



Effective Descriptions and the BSS-RAM Model
(History and Outline)

⇓ Stephen C. Kleene & Yiannis N. Moschovakis & Klaus Weihrauch etc.
Recursion Theory based on recursion and µ-operator or ν-operator
Type-2 Turing machines
⇓ Gaßner
ν-Operator, νlim-Operator, and Type-2 BSS-RAM’s over structures A
⇓
Computable multi-valued correspondences and limits overA
⇓
Questions

Which machines can simulate Type-2 Turing machines?
Is it possible to compute representations?

⇓
Outline

BSS RAM’s
Type-2 BSS-RAM’s
The simulation of Type-2 Turing machines
Representations for the open semi-decidable sets



Effective Descriptions and the BSS-RAM Model
(History and Outline)

⇓ Stephen C. Kleene & Yiannis N. Moschovakis & Klaus Weihrauch etc.
Recursion Theory based on recursion and µ-operator or ν-operator
Type-2 Turing machines
⇓ Gaßner
ν-Operator, νlim-Operator, and Type-2 BSS-RAM’s over structures A
⇓
Computable multi-valued correspondences and limits overA
⇓
Questions

Which machines can simulate Type-2 Turing machines?
Is it possible to compute representations?

⇓
Outline

BSS RAM’s
Type-2 BSS-RAM’s
The simulation of Type-2 Turing machines
Representations for the open semi-decidable sets



Computation by BSS RAM’s over Algebraic Structures
(The Machines in MA and the Allowed Instructions)

Computation over A= ( UA︸︷︷︸
universe

; CA︸︷︷︸
constants

; f1, . . . , fn1︸ ︷︷ ︸
operations

; R1, . . . ,Rn2 ,=︸ ︷︷ ︸
relations

).

Z1 Z2 Z3 Z4 Z5 . . . Registers for elements in UA
I1 I2 I3 I4 . . . IkM Registers for indices in N

Computation instructions:
` : Zj := fk(Zj1 , . . . ,Zjmk

) (e. g. ` : Zj := Zj1 + Zj2 )
` : Zj := dk (dk ∈ CA ⊆ UA)

Branching instructions:
` : if Zj = Zk then goto `1 else goto `2
` : if Rk(Zj1 , . . . ,Zjnk

) then goto `1 else goto `2
Copy instructions:

` : ZIj := ZIk

Index instructions:
` : Ij := 1
` : Ij := Ij + 1
` : if Ij = Ik then goto `1 else goto `2
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Uniform Computation over Algebraic Structures
(Input and Output Procedures of Machines in MA)

UA is the universe of A
Input and output space: U∞A =df

⋃
i≥1 Ui

A

Input of ~x = (x1, . . . , xn) ∈ U∞A :

x1 x2 x3 x4 xn

xn xn

↓ ↓ ↓ ↓ ↓ ↓ ↓
Z1 Z2 Z3 Z4 . . . Zn Zn+1 Zn+2 . . .

↑ ↑
y1 y2

I1 I2 I3 . . . IkM
↑ ↑ ↑ ↑
n 1 1 1 ↖

↗
!!! guessing

Output of Z1, . . . ,ZI1 .
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Functions Computable over A
(Deterministic Computation and Nondeterministic Computation)

f :⊆ U∞A → U∞A partially defined function

f :⊆ U∞A → P(U∞A )

f :⊆ U∞A ⇒ U∞A
multiple-valued function

f

nondet.
µ-
ν-
νlim-

computable if it is computable by

nondet.
µ-oracle
ν-oracle
νlim-oracle

BSS RAM.



µ-Oracle BSS-RAM’s with µ-Operator for N ⊆ UA
(Kleene’s Operator µ)

A fixed, N ⊆ UA effectively enumerable over A,

f :⊆ U∞A → {a, b}︸ ︷︷ ︸
{1,0}

computable over A.

Definition (Kleene’s operator for A)

µ[f ](x1, . . . , xn)
=df min{k ∈ N | f (x1, . . . , xn, k) = 1 & f (x1, . . . , xn, l)↓ for l < k, l∈ N}

Example

A = (N; 0; +,−;≤,=)

f0(a1, . . . , an, x) :=


1 if xn + anxn−1 + · · ·+ a1x0︸ ︷︷ ︸

p(x)

= 0,

0 otherwise.

⇒ µ[f0](a1, . . . , an) = the smallest zero of p
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ν-Oracle BSS-RAM’s for Structures with a and b
(Moschovakis’ Operator ν)

A fixed, a, b constants of A, f :⊆ U∞A → {a, b} computable over A.

Definition (Moschovakis’ operator for A)

ν[f ](x1, . . . , xn)
=df {y1 ∈ UA | (∃(y2, . . . , ym) ∈ U∞A )(f (x1, . . . , xn, y1, y2, . . . , ym) = a)}

Properties (Guessing by ν-operator of a ν-oracle machine)

x1 · · · xn x1 · · · xn y1
↓ ↓ ↓ ↓ ↓

Zj := ν[f ](Z1, . . . ,ZI1); . . . Zj := ν[f ](Z1, . . . ,ZI1−1,ZI1) . . .
↓ ↓
y1 y2

NONDETERMINISTIC!
⇒ f (x1, . . . , xn, y1, . . . , ym) = a

Proposition
A ⊆ U∞A is ν-semi-decidable iff A is nondeterm. semi-decidable.
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νlim-Oracle BSS-RAM’s and Type-2 BSS-RAM’s
(Operator νlim)

Definition (Operator νlim for A)

νlim[f ](x1, . . . , xn) =df limk→∞ uk k times

if f−1({a}) =
⋃

k{(x1, . . . , xn, uk, a,
︷ ︸︸ ︷
b, . . . , b)}

Properties

Zj := νlim[f ](Z1, . . . ,ZI1) DETERMINISTIC!

Proposition
g is νlim-computable if g is computable by a Type-2 BSS-RAM.

This Type-2 RAM works

as a BSS-RAM without output procedure,
with an infinite only-write output tape.

An infinite-limit Type-2 BSS-RAM provides
only the limit (if it exists).
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Simulation of Type-2 Turing Machines
(Computation of f :⊆ R ⇒ R over A = (R; 0, 1, . . . ; +,−, ·, :, . . . ;≤, . . .))

(R, δR) δR(0n010n11 · · · ) = x ∈ R with |x− νQ(ni)| < 1
2i (νQ : N→ Q)

f :⊆ R ⇒ R computable
F :⊆ {0, 1}ω → {0, 1}ω a realizer of f (with δR(F(p)) ∈ f (δR(p)))
MF Type-2 Turing machine computing F (with code(MF) ∈ {0, 1}∞)

Program (Computing f by a nondet. A-machineMf )

Input: (r . code(MF)) ∈ R∞.

Guess: 0.

p︷ ︸︸ ︷
0n010n11 · · · ∈ R with p as candidate for representing r ∈ R

k = 1;
1: if (|r − νQ(ni)| < 1

2i for i ≤ k)
then simulate MF on 0n010n11 · · · 0nk 1;

store computed output values of MF in Z2,Z4, . . . ,Z2lk ;
if (value 1 should be written on the output tape of MF)
then add the corresponding νQ(nik) on the output tape;

if (a new input value is necessary) then {k := k + 1; goto 1}
Output: the limit.
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Descriptions for Open BSS-Semi-Decidable Sets
(Deterministic for A = (R;R; +,−, ·, :;≤))

δo(p) = A ∈ O (R) if p describes A =
⋃

i[qi, q̄i] (qi, q̄i ∈ Q)
MA A-machine computing χA :⊆ R→ {0, 1}
w = w0w1 · · · ∈ {0, 1}∗ describes a computation path

w0 = 0⇒ only ”<”-tests and ”>”-tests
w0 = 1⇒ at least one ”=”-test

BMA(x) computation path ofMA on x
hw

1 , . . . , h
w
sw

the functions evaluated along w (hw
i (x) = 0?, . . . )

(∗)(MA,w) None of the zeros of hw
i belongs to [ i

2l ,
i+1
2l ].

Cw
l (A) =

⋃lbl−1
i=−lbl

⋃
x= 2i+1

2l+1 & w is an accept. path & (∗)(MA,w)

(BMA
(x)=w for w0=0) & (BMA

(x)6=w for w0=1)

[ i
2l ,

i+1
2l ]

⇒ A = liml→∞
⋃
|0w|≤l C0w

l (A) ∪
⋃

1w∈{0,1}+(R \
⋃

l→∞ C1w
l (A))

Properties

code(MA) 7→ 〈p0, p1, p2, . . .〉 with δo(p0) ∪
⋃

s→∞(R \ δo(ps)) = A
is computable by a deterministic Type-2 BSS-RAM over A.

Note: bin(s) ∈ {1w | w ∈ {0, 1}∗}, s ≥ 1
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Descriptions for Open BSS-Semi-Decidable Sets
(Nondeterministic for A = (R;R; +,−, ·, :;≤))

δo(p) = A ∈ O (R) if p describes A =
⋃

i[qi, q̄i] (qi, q̄i ∈ Q)
MA A-machine computing χA :⊆ R→ {0, 1}

Program (Computing code(MB) 7→ p ∈ δ−1
o (B) by an A-machine)

Input: code(MB) ∈ R∞.

Guess: 0.

p︷ ︸︸ ︷
0n01n10n2 · · · ∈ R with p as a candidate for describing B.

k := 1;
if (code(MB), code(Mδo(p))) 6∈ INCLND

A then k := 0;
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INCLND
A = {(code(M). code(N )) | (M,N ) ∈ MA×MA& HM ⊆ HN }

INCLND
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2 -complete.
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A Hierarchy over A
(Analogously to the Arithmetical Hierarchy)

A finite number of operations and relations, all elements constants.

ΣND
0 =df DECA

ΠND
n =df {U∞A \ P | P ∈ ΣND

n }
∆ND

n =df ΣND
n ∩ΠND

n

ΣND
n+1 =df {P ⊆ U∞A | (∃Q ∈ ΠND

n )

∀~x(~x ∈ P⇔ (∃~y ∈ U∞A )((~y .~x) ∈ Q))}

⇒ ΣND
n+1 = {P ⊆ U∞A | (∃Q ∈ ΠND

n )(P ∈ (SDECND
R )Q)}

Proposition (CCC 2015, G.)

ΣND
n+1 = (SDECND

A )(H
ND
A )(n)

= {P ⊆ U∞A | P �1 (HND
A )(n+1)}

ΠND
n+1 = {P ⊆ U∞A | P �1 U∞A \ (HND

A )(n+1)}

Corollary
Close relationship: nondeterministic BSS RAM’s — Moschovakis’ model.



Complete Problems for Structures A
(Written in Blue)

1. Hierarchy:
...

FINN ∈ Σ0
2

↗
↖

↖
↗ Π0

2 3 TOTALN, INCLN
∆0

2
HA ∈ Σ0

1
↗
↖

↖
↗ Π0

1
∆0

1 (MSCS 2016, G.)

2. Hierarchy
...

TOTFINND
A ∈ ΣND

3
↗
↖

↖
↗ ΠND

3
∆ND

3
FINND

A ΣND
2

↗
↖

↖
↗ ΠND

2 3 TOTALND
A , INCLND

A , CONSTND
A

∆ND
2

HND
A ∈ ΣND

1
↗
↖

↖
↗ ΠND

1 3 INJND
A

∆ND
1 (CCC 2015, G.)
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