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e Is it possible to compute representations?
J
Outline
e BSS RAM’s
e Type-2 BSS-RAM'’s
e The simulation of Type-2 Turing machines
o Representations for the open semi-decidable sets
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Computation by BSS RAM’s over Algebraic Structures

(The Machines in M 4 and the Allowed Instructions)

Computationover A= ( Ua ; Ca :fis-. o fuiRi, .. Ry, =).
~ O~ e —

universe constants  gperations relations
Z| Z] | Z] Zs | ... Registers for elements in U 4
| L] L] L] L] .| Ly | Registers for indices in N

e Computation instructions:
t: Zp = fil(Z, ..., Z;,) (e.9.0: Z =7, + 7,
0: Z; = d (di € Cq C U»)
e Branching instructions:
L: if Z; = Z then goto £ else goto ¢
2 if Ri(Z;,, . .., Z;, ) then goto /; else goto £,
e Copy instructions:

l: Z[j = ZIk

e Index instructions:
0 1=1
C: =1+ 1

£: if I; = I then goto /; else goto ¢
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Uniform Computation over Algebraic Structures

(Input and Output Procedures of Machines in M 4)

@ U4 is the universe of A
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e Outputof Zy, ..., Z,.



Uniform Computation over Algebraic Structures

(Input, Guessing and Output Procedures of Machines in M 4)

@ U4 is the universe of A
e Input and output space: U =4t U Uy

o Inputof ¥ = (x1,...,x,) € UY:
X1 X2 X3 X4 Xn Xn Xn
I ! 4 | J J
’ Zl‘ Zz\ 23\ Z4\ \ Zn‘ Zn+l‘ Zn+2‘
T T
V1 Y2
L L] B ] Ly, |
T T 1 T
n 1 1 1 N
/
" guessing

e Output of Zy, ..., Z,.



Functions Computable over A

(Deterministic Computation and Nondeterministic Computation)

f: QU = UY partially defined function

f:CUF = PUF)

. . multiple-valued function

nondet. nondet.
f K- computable if it is computable by p-oracle BSS RAM.
v- v-oracle

Uim -~ Vim-oracle
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u-Oracle BSS-RAM’s with p-Operator for N C U4

(Kleene’s Operator )

A fixed, N C U 4 effectively enumerable over A,
f:CUY — {a,b} computable over A.
——
{1,0}

Definition (Kleene’s operator for A)

w1ty .oy xn)
=gt min{k € N | f(x1,...,x0,k) =1 & f(x1,...,x5,0)] forl < k,le N}

A=N;0;+, = <, =)

1 fx"+ax '+ +ax=0,

fO(aly"'7anax) = p(x)
0 otherwise.

= plfol(ai, ..., a,) = the smallest zero of p
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u-Oracle BSS-RAM’s with p-Operator for N C U4

(Kleene’s Operator )

A fixed, N C U 4 effectively enumerable over A,
f:CUY — {a,b} computable over A.
——
{1,0}

Definition (Kleene’s operator for A)

w1ty .oy xn)
=gt min{k € N | f(x1,...,x0,k) =1 & f(x1,...,x5,0)] forl < k,le N}

Definition (Oracle instruction with Kleene’s operator)

Zl... Zl’l

3 i
C: Zp = plf)(Zi,...,7Zy) (if I} = n)

no minimum =- the machine loops forever

Properties
Any p-semi-decidable problem is semi-decidable over A.
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(Moschovakis’ Operator v)

Afixed, a,bconstantsof A, f:C U} — {a,b} computable over A.

Definition (Moschovakis’ operator for A)

vif](x1, .-, xn)
—df {yl €Uy ’ (El(yZ?'-"ym) S Uilo)(f(xla" <5 Xns Y15, Y25 - - ,ym) :a)}

Properties (Guessing by v-operator of a v-oracle machine)

x|t Xp X| Xy Vi
1 1 1 1 4
Zj = V[f](Z],. 00 ,Z]l); 000 Zj = VV](Z],. o0 ,Z]]_],Z]l)
1 \
1 Y2
NONDETERMINISTIC!

:>f(x17"'7xn7y17---,ym) =da

Proposition

A C UY is v-semi-decidable iff A is nondeterm. semi-decidable.
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Definition (Operator vy, for A)
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—
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Properties
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vim-Oracle BSS-RAM'’s and Type-2 BSS-RAM’s

(Operator viim)

Definition (Operator vy, for A)

Vim[f] (X1 -+« Xn) =af limg_ 00 g k times
—

iff_l({a}) = U {(x1, ..o, X0, u,a,b, ... b)}

Properties
Zi = vinlf1(21, . - ., Z1,) DETERMINISTIC!

Proposition
g is vim-computable if g is computable by a Type-2 BSS-RAM.

This Type-2 RAM works
e as a BSS-RAM without output procedure,
e with an infinite only-write output tape.

An infinite-limit Type-2 BSS-RAM provides
e only the limit (if it exists).




Simulation of Type-2 Turing Machines

(Computation of f :C R = Rover A= (R;0,1,...;+,—,:...;<,...
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f :C R = R computable
F :C{0,1}¥ — {0,1}* arealizer of f  (with 6.(F(p)) € f(or(p)))
Mp Type-2 Turing machine computing F (with code(Mr) € {0,1}>)



Simulation of Type-2 Turing Machines

(Computation of f :C R = Rover A= (R;0,1,...;+,—,:...;<,...

(R,0r) Or(0™10M1---)=x € R with |x — I/Q(l’l,')‘ < % (ro : N— Q)
f :C R = R computable
F :C{0,1}¥ — {0,1}* arealizer of f  (with 6.(F(p)) € f(or(p)))

Mp Type-2 Turing machine computing F (with code(Mr) € {0,1}>)

Program (Computing f by a nondet. .A-machine M;)
Input: (r.code(MFp)) € R°.
p

——
Guess: 0.0™10™1 - - - € R with p as candidate for representing r € R
k=1;
1:if (|r — vg(m)| < % fori < k)
then simulate Mz on 0™ 10™1 - .- 0™%1;
store computed output values of Mg in 25,74, . .., Zoy,;
if (value I should be written on the output tape of M)
then add the corresponding v (n;,) on the output tape;
if (@ new input value is necessary) then {k := k + 1; goto 1}
Output: the limit.




Descriptions for Open BSS-Semi-Decidable Sets

(Deterministic for A = (R; R; +, —, -, :; <))
do(p) =A € Z(R) if p describes A = | J.[g, gi (g, € Q)
My A-machine computing x4 :C R — {0, 1}
w = wow; - - - € {0, 1}* describes a computation path

wo = 0 = only "<”-tests and ">"-tests
wo = 1 = at least one "="-test

B, (x) computation path of My on x
hy,...,hy  the functions evaluated along w (hY(x) =07?,...)
(%) (M) Nonelof the zeros of A" belongs to [, ’;,1].

b1 A i i+l
C;V(A) - U[:—lb/ U x:;;i} & w is an accept. path & (*>(MA=”’) [é’ 17]

(BMA (x)=w for wy=0) & (BMA (x)F#w for wy=1)



Descriptions for Open BSS-Semi-Decidable Sets

(Deterministic for A = (R; R; +, —, -, :; <))
do(p) =A € Z(R) if p describes A = | J.[g, gi (¢, € Q)
My A-machine computing x4 :C R — {0, 1}
w = wow; - - - € {0, 1}* describes a computation path

wo = 0 = only "<”-tests and ">"-tests
wo = 1 = at least one "="-test

B, (x) computation path of My on x
hy,...,hy  the functions evaluated along w (hY(x) =07?,...)
(%) (M) Nonelof the zeros of A" belongs to [, ’;,1].

b —1 i i+
C;V(A) - U[:—lb[ U x:;;i} & w is an accept. path & (*>(MA.,W) [é’ %]

(BMA (x)=w for wy=0) & (BMA (x)F#w for wy=1)
= A = 1m0 U o< €7 (A) U Unee o+ R\ Ui o0 €1(A))

Properties

code(Ma) = (po,p1,p2, - ) With 5 (po) U U, oo R\ do(ps)) = A
is computable by a deterministic Type-2 BSS-RAM over A.

Note: bin(s) € {lw | w € {0,1}*},s > 1
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M, A-machine computing x4 :C R — {0, 1}
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(Nondeterministic for A = (R;R; +, —, -, :; <))

do(p) =A€ Z(R)if p describes A = ;]4:, 4] (91,9 € Q)
M, A-machine computing x4 :C R — {0, 1}

Program (Computing code(M3) +— p € 85 '(B) by an .A-machine)

Input: code(Mp) € R,
p
——
Guess: 0.0™1"0" --- € R with p as a candidate for describing B.
k:=1;
if (code(M3p), code(Ms,(,))) & INCLYP then k := 0;
if (code(M, (,)), code(Mp)) ¢ INCLYP then & := 0;
if k = 1 then
write p on the output tape.

INCLYP = {(code(M).code(N)) | (M, N) € MgxMy & Hag € Hy'}



Descriptions for Open BSS-Semi-Decidable Sets

(Nondeterministic for A = (R;R; +, —, -, :; <))

do(p) =A€ Z(R)if p describes A = ;]4:, 4] (91,9 € Q)
M, A-machine computing x4 :C R — {0, 1}

Program (Computing code(M3) +— p € 85 '(B) by an .A-machine)

Input: code(Mp) € R.
p
/_M .

Guess: 0.0™1"0" --- € R with p as a candidate for describing B.

k:=1;

if (code(M3p), code(Ms,(,))) & INCLYP then k := 0;

if (code(M, (,)), code(Mp)) ¢ INCLYP then & := 0;

if k = 1 then
write p on the output tape.

INCLYP = {(code(M).code(N)) | (M, N) € MgxMy & Hag € Hy'}

INCLYP is A-TINP-complete.



A Hierarchy over A

(Analogously to the Arithmetical Hierarchy)

A finite number of operations and relations, all elements constants.
SNP =4 DEC4
P =4 {UX\P|PexP}
AND e NP NP
S =ae {PCUR| (30 eIRP)
VIFE P& (35 € UR)((. ) € 0)}
= TP = {PCUF|(QeIP)(Pe (SDECIY)?)}

Proposition (CCC 2015, G.)

ZnN—El _ (SDECIJ\IAD)(HI:LD)(M _ {P C Uilo | P =<, (HJI\LI\D)(H+1)}

P, —{PCUP|P= U\ (HP)+D}

Close relationship: nondeterministic BSS RAM’s — Moschovakis’ model.




Complete Problems for Structures A

(Written in Blue)

1. Hierarchy:
FINy €9 < > > TOTALy, INCLy
Vs A2 N
HA € E(l) X A H(l)
A(1) (MSCS 2016, G.)
2. Hierarchy
TOTFINY  exfP S IP
AP
FINY =P & S ImP>5  TOTAL)Y, INCLYP, CONSTY
AND
2
HY ez SomP s NP

All\ID (CCC 2015, G.)
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